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IS .  A~~S T P A C T

Thi s dissertation present s a degree of freedom or information content analysis
of images and imaging systems in the context of digital image processing. As
such it represents an attempt to quantify the number of t ruly independent samples
one gathers with imaging devices.

In quantifying the degrees of freedom of an imaging system it is necessary
to develop an appropriate model. In this work the imaging system is modeled
as a linear system through the continuous-discrete imaging equation. The
associated gram matrix is then employed as an a~d in defining the system degrees
of freedom. The gram matrix eigenvalues are shown to be related to those of
the associated continuous-continuous model and can be used ~~ predict the
discretized system performance. These ideas are then applied to the tomo-
graphic or projection imaging system; and result in the ability to predict the
performance of thi s system by indicating where redundant data is achieved,
and the best ways of increasing the degrees of freedom with a minimum sample
increase.

The degrees of freedom of a sampled image itself are developed as an
approidmation problem. Here bicubic aplines with variable knot s are employed
in an attempt to answer the question as to what extent images are finitely
representable in the context of a digital computer.

Relatively simple algorithms for good knot placement are given, and result
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in spline approximations that achieve significant
parameter reductions at acceptable error levels.
The knot s themselves are shown to be useful as an
indicator of image activity, and have potential as
an image segmentation device.
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ABSTRACT

This disser ta t ion presents a degree of freedom or information

content analysis of images and imaging systems in the context of

digital image processing. As such it represent s an attempt to

quantif y the number of truly independent samples one gathers with

imaging device s.

In quantif ying the degrees of f reedom of an imaging sys tem it is

necessary to develop an appropriate model. In th i s  work  the im a g i n g

system is modeled as a linear system throug h the c o n t i n u o us- d i s c r e te

imaging equation . Th e associa ted gram matr ix  is then employed as

an aid in defining the system degrees of freedom . The gram m a t r i x

eigenvalue s are shown to be related to those of the assoc ia ted

continuous-continuous model and can be used to predict the discre-

tized system performance. These ideas are then applied to the

tomographic or projection imaging system , and result in the ability

to predict the performance of this system by indicating where

redundant data is achieved , an d the best  ways of i n c r e a s i n g  the

degrees of freedom wi th  a min imum sample inc rease .

The degrees  of f reedom of a sampled image i t se l f  are develope d

as an approximation problem . Here b icub ic  sp l ines  w i t h  variable

knots are employed in an a t t emp t  to  ans~ er th e  q u e s t i o n  as t o  what

extent images are finitel y representable in t h e  context  of a di g i t a l
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computer .

Relatively simple algorithms for good knot placement  a r e  g iven ,

and result in spline approximations that achieve significant parameter

reduct ions  at acceptable e r ro r  levels . The knot s t hemselve s are

shown to be useful as an indicator of image activit y, and have

potential  as an image segmenta t ion  device.

UI

-— --— .- —.—
~~ 

- - • -—
~~~~~~~~~~

-
~~~~~~~~~~~-



AC KNOW LEDGE ME NT

I would like to express my sincere appreciat ion to the members

of my disser ta t ion committee whose suggestions and support helped

make this research possible . I would especially like to express my

gratitude to Professor Harry Andrews who served as committee

chairman, and in that capacity provided the necessary guidance

without which the perspective in this work would have been lost.

I would also like to thank Professor T. Harris for pointing out the

similarity between the continuous-discrete and regression models ,

and to Professor G. Bekey for his helpful suggestions concerning the

biomedical applications of this work.

Dr. Z. H. Cho of the Laboratory of Nuclear Medicine and

Radiation Biology at U.C.L.A. deserves thanks for providing the

experimental data for the tomographic results.

This research was sponsored in part by the National Institutes of

Health in the form of a training grant under contract number GM01734;

add it ional support was provided by the Advanced Research Projects

Agency of the Department of Defense and was monitored by Wr ig ht-

Patterson Air Force Base under contract number F-336l5-76-C-1203

ARPA order #3119.

iv

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~—•- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-~~~~~~~~- - - -~~-- .- . --
~~~
-

~~~~~~~~~
-“



• ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~

TABLE OF CONTENTS

Chapte r Page

INTRODUCTION 1

1, 1 Mathematical Imag ing Models 2

1. 2 Research Objective s 5

2 REVIE W OF THE STATE OF THE A R T  11

2. 1 Tomographic L i t e r a tu re  Review 11

2. 2 Image Approximat ion  Lite ra ture  Review 14

2. 3 Overview of the Disser ta t ion  16

3 THE CONTINUOUS-DISCRETE MODE L
A N D  THE GRAMIA N 21

3. 1 General Development 21

3. 2 Separable Kernels 31

3. 3 Gramian Ei genvalues and System
Ei genvalue s 36

3. 4 Ei genvalue E r r o r  Bounds for
Separable Kernels 40

3. 5 Conclusions 45

4 PROJECTION IMAGING AND THE GRAMIA N 47

4. 1 Continuous-Discrete Mode l 47

4. 2 Experimentall y Determine d Degrees of
Freedom 59

4. 3 Experimentall y Determined Projections 64

4. 4 Conc lus ions  66

V 

—.•- — - . —- .- -— — —-,- -~~--— --~~~~A- -•-- -
~~~~~~~~~ 

.-



— 
~~~~~~~~~~~~~~~~~ 

.—
——.,•~~~~~ -.•~~~~-- -.--~~ — . - - -  — - •  --~ ——— —-— -

~-- —- -.

Chapter Page

5 THE DEGREES OF FREEDOM OF
SAMPLE D IMAGES 86

5. 1 Int roduct ion 86

5. 2 Degrees of Freedom and Shannon ’ s
Sampling Formula 90

5. 3 The Degrees of Freedom Viewed as an
Approximation Problem 93

5. 4 Computational Considerations and
Conclusions 99

6 EXPERIMENTAL RESU LTS FOR SPLINE
APPROXIMATIONS 101

6. 1 Introduction 101

6. 2 Knot Placement from Projec t ions  103

6. 3 Spline A pproximation b y Subsectioning 106

6 .4  Summary and Conclusions 110

7 SUMMARY , CONCLUSIONS A N D  FUTURE
WORK 135

7. 1 Summary and Conclusions 135

7.2 Future Work 138

APPENDIX A: Some Proper t ies  of Normalized
B-Splines 140

vi



~~~~ -

~~~ 
-- —-  - 

~~~~~~~~~~~~~ 
—

~~

LIST OF F I G U R ES

Fi gure  Page

1. 1 Con t inu ous -Di sc r e t e  Model 10

2. 1 Organ iza t ion  of the D i s se r t a t i on  20

4. 1 P ro j ec t ion  Imag ing G e o m e t r y 69

4. 2 Gramian Ei genvalue s for  M r 
= 16 70

4. 3 G ramian Ei genva l ues for  M r 
= 32 71

4. 4 Gramian  Ei genva lues  for  M
r 

= 72

4. S~a) Phantom R e c o n s t r u c t i o n  wi th  M 1b , M~ = 32 73
r

4. ~S(b )  Phantom R e c o n s t r u c t i o n  with  M ~ l6 , N4~ c~4 74r -

4. 5 ( c )  Phantom R e c o n s t r u c t i o n  with M 16 . IVI 128 75r

4. ~ (a)  Phantom R e c o n s t r u c t i o n  with M = 32 , \ t~ 64 76
r -

4. 6(b ) Phantom R e c o n s t r u c t i o n  with M = 3 2 , N1~ = 128 77r

4. 6 ( c )  Phantom R e c o n s t r u c t i o n  with M r
::32 . M0 = 256 78

4. 7(a) Phantom R e c o n s t r u c t i o n  with M =64 , M = 128 7 .r P

4. 7(h )  Phantom R e c o n s t r u c t i o n  wi th  M
r =64

~ ~~ 
= 256 80

4. 7 ( c )  Phantom R e c o n s t r u c t i o n  wi th  M = 64 . M~ = 5 12 81
r

4. 8 Phantom R e c o n s t r u c t i o n  wi th  M =64. Mr - 64 82
r -

4. 9 ( a )  Monkey ’ s Head R e c o n s t r u c t i o n  w i t h  M 32 , 83
4 M0 = 6 4  r

4. 9(b ) Monkey s 1- lead R e c o n s t r u c t i o n  w i t h  NI 32 . 84
M r = 12 8  r

4. 9 ( c )  M o n k e y ’ s h ead R e c o n s t r u c t i o n  w i t h  NI  32 . 85
NI- . = 2 C ~ 

I

• - - -

~

- - -

~

- - . - - . -  -- -- •~~- -~~~~



rip’,. - .

~~~~~~~~~

- ---.,

~~ 

-

Figure

6. 1 Resu l t s  for a Bicubic Spline Fit to a Gaussian
Pulse with .1  115

6. 2 Bicubic Spline A pproximation for APC with
40 Knots.  116

6. 3 Ori ginal 128 b y 128 Pixel APC Image. 117

6 . 4  Bicubic Spline Approximation b y Subsectioning.  118

6. 5 Bicubic Spline Reconst ruct ion and Associa ted
Knot  Densities for an APC Photograp h using
Subre g ions of size 32 b y 32. 119

6. 6 Bicubic Spline Reconstruct ion and Assoc ia ted
Knot Densitie s for an APC Photograph Using
Subregions of size 16 by 16. 120

u. 7 Bicubic Spline Recons t ruc t ion  and Assoc ia t ed
Knot Densitie s for an APC Photograph Using
Subreg ions of size 8 b y 8. 121

6. 8 Ori g inal 256 b y 256 APC Image. 122

6. 9 Bicubic Spline Recons t ruc t ion  and Assoc i a t ed
Knot Densit ie s for a Reconnaisance Photograph
U sing Subregions of size 32 b y 32. 123

10 Bicubic Spline Recons t ruc t ion  and Assoc ia t ed
K not Den si t ies fo r a R econna isan~~ Pho tograp h
Using  Subreg ions of size 16 b y 16. 124

6. 11 Bicubic Spli ne Recons t ruc t ion  and Assoc ia t ed
Knot  Densit ie s for  a Reconnaisance  Pho tograp h
Using Subreg ions of size 8 b y 8. 125

6. 12 Ori g inal 250 b y 256 R e c o n n a i s a n c e  Photograp h 126

6 . 1 3 I3icubic Spline R e c o n s t r u c t i o n s  and A s s o c i a t e d
Knot  Dens i t i e s  for  LAX Pho tog raph  U s i n g  Sub-
reg ions of size 32 b y 32. 127

vi ii

..

~

. ~~~~~~~~~ 1..•._ .  
_____ _____________________- - -- 



~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.
~~~~~~~~~~~~

-—-- - -- 

H

Figure

6 . 14 Bicubic Spline Recons t ruc t ions  and A s s o c i a t e d
Knot  Densi t ie s for  LAX Photograp h U sing
Subreg ions of size 16 b y 16. 128

6. 15 Bicubic Spline Reconst ruc t i ons  and A s s o c i a t e d
Knot Dens i t i e s  for LAX Photograp h Using
Subregions  of size 8 b y 8. 129

6. 16 Ori g inal 256 b y 256 LAX Image. 130

A.  1 Normalized 4th Orde r B-Spline s for  Knot
Vector  = (0 , 0 , 0 , 0 , . 2 5 , . 5 , .7 5 , 1 , 1, 1, 1) .  147

A.  2 Normalized 4th Orde r B-Sp line s for  Knot
Ve c tor (0 , 0 , 0 , 0 , 7 , 8 , 9, 1, 1, 1, 1). 151

ix



-~~~~-

LIST OF TAB LES

Tab le Page

3. 1 Summary of Eigenvalue E r r o r  Bounds for Various
Quadra ture  Rule s . 46

4 . 1 Rank and Degrees  of Freedom Result  5 Itr Various
Pro jec t ion  Imaging  Grarn ians . 68

6. 1 Mean Square E r r o r  for Knot P lacement  on a
Gauss ian  Pulse = 0. 1 . 111

6 . 2 Mean  Square E r r o r  for  Knot P lacement  on AI~C
Image . 111

b . 3 Dat a R e d u c t i o n  anti E r r o r s  for  a 128 x l 2~ I3 icubic
Spline R e c o n s t r uc t  ~~~ of $ 1~ APC image .  111

6 . 4 Mean Square E r r o r , D a t a  R e d u c t i o n  and ~~u m t e r
of P a r a m et e r s  fo r  S u bse cN I ccd B i cu b i c  Spl ine
Approxim a t ion  of a 25 6  v 2 5 ~ .- \LC Image . 112

6 .5  Mean Square K r r -r , D at a  R e d u c t i o n  and N u c ~j t- r
of P a r a m e t e r s  f o r  ~-u b - c ~ ioned  f l i c u h i c  Sp line
Approximat ion  of .i 2 5 ’

, 
v 2 5 b  R e c o n n a i s a i - ~ - Image . 11 ~

6. 6 Mean Square E r ror , D~~ a R e d u c t i o n  an d N I ~ ll l)er

of Pa r an ’i o t e r s  for ~ub se . -t i on ed  B i c u b i c  Sp l ine
Ap p r o x im a t i o n  of a 25 6 ‘~ ~ ~~~I T f l l a g e  of L A N . 114

A. 1 L u o t  Vect  ors  Ove r W h i c h  N 
4

( ’ ;x ~ i s  N o u z t - r o .  145

A . 2 N o r m a l i z e d  B-S pl ine s  for  (0 , 0 . 0 , 0 , 1 , 1 , 1 . 1 ) T , 14e 

-- -.- --—---—~~~~~~ - -  - -  - • . . ,  _ _ _ _



A B B R E  V I A  I I O N S

.\UC A r m o r e d  P e r s o n n e l  C a r r ie r

A R ‘I ’ Al geb r a i c  R cconst  ru ct  ion  I&c l i n i qu & ’

CCD Charge Coupled [)evice

DO F I)egrees of Freedom

L A X  Los Angeles  In t er n a t i o n a l  A i r p o r t

T~SF Point  Spread Fund i O O

SAW Su r f a c e  A c o u s t i c  W a v e

ST PSF Space - Inva r i an t  Poin t  Spread F u n c t i o n

SVE ) Singula r Value l) ecompos i t i o n

SVPSF .‘-~p;i cc — Va r i an t  Po in t  Spr ead F u n c t i o n

X I

- - •ff•__.__ -
.1 ~~~~~~~~~~~~~~~



- - — ---- .-- .,— ,~~~~, -

~~

-

~~~~~~~~~~~~~~~~~~~~
--

~ ~~~~~~~~~~~~~~~~~~~~~~~

Cha p te r  1

IN T R O D U C I ’I O N

T his d i s s e r t a t i o n  is concerned  wit h the concept of degrees  of

freedom (DOF) or i n f o r m a t i o n  con ten t  of images and imaging  sys tems

ar is ing in d ig i ta l  image process ing.  This conce pt is important , a s it

• is fundamenta l  to  problems such as image coding and image restora-

t ion . In coding problems , one is inte rested in the t r a ns m i s s i o n  of

t hat in format ion  rele va nt to  the users ’ nee ds and in t he e limi nat ion  of

ir relevant data;  while in the r e s t o r a t i o n  problems , t he object is to  be

res tored from samples of a corrupted image .

T hese two  examples are given to  i l lustrate that  the subject could

be approached f rom two point s of view . Namely, the image could be

t rea ted  as t he output of an imaging sys tem whose c h a r a c t e r i s t i c s  are

known and thus dependent on the DOF of the imaging  sys tem;  or the

sub j ect could be c onsi de red by i tself  as in the coding problem where

the imaging system charac te r i s t i cs  are e i t he r secondary in i mport-

- • 
ance or considered ideal.

Fundamentally, this concept of degrees of free’iom can be viewed

as an attempt to quantif y the number of truly indepe ndent samples of

data one gathers with  photographic or othe r imaging dev i ces . As

image sensor technology grows , the quanti ty of dat a gat hered

-,.-—- . • ~~~~~~~ - . -  ~~~~-~~~~~~~~~~~ -• -~~~ - _ _ _ _ _ _ _



increases , and it becomes reasonable to ask what the true increase in

in fo rmat ion  cont e nt is as one increases  image samp les . 1 h i s  is

• especially important  in medical imag ing  app l i c a t i o n s  where  an

inc r ease i n t he quant i t y of da ta ga thered , whi le not p roduc ing  a

corresponding increase in image informat ion , subject s the  pa t ient  t o

an unnecessary inc r ease in r adi at ion  e~cposure . T hus in d e s i g n i n g

imag in g sys tems for medical applications it is extremely impo rtant

tha t the informat ion  content  of the imaging sys tem be quan t i zed .

• Since half the thrust of this dissertation will be t owards inform-

ation c ont ent in imaging  sys tems in general , and to t h e tomog r aphic ,

or projection , imaging system in particular , a mathematical model

for imaging will be necessary.

• 1 .1 Mathematical Imaging Models

In modelling imaging systems an assumption of ter  made is t ha t

of a linear system. While it is not t .L ue t hat every  imag ing  sy s t e m  is

in fact l inear , t his assumption is useful in that  it  makes the  anal y s i s

t ractable and provides reasonable result s . Eve n i f u n t r u e , t he

sys tem can often be considered l inear if the  reg ion of o b s er v a t i o n  is

kept small enoug h . T hus imaging sys tems can be’ analyzed b y

conside r ing  them in t e rms  of two-d imens iona l  l inear  s y s tem  t h e o r y .

In app ly i ng t he se  methods  t o  imag ing  sys tems t h e  a s s u m p t i o n  is

made that an image , g, is related to the original object , 1, b y a

2 
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superposi t ion in tegra l  as follows:

g(x , y )  = if h (x , y ; ,~~) f( ,~~)d~ dT . ( 1- 1)

1-Jere h(x, y; ,  I ) r ep re sen t s  the  wei g ht ing  f u n c t i o n  of t h e  imag ing

sys te m and R is the  re g ion  of i n t e g r a t i o n  ove r the  inpu t  coordinate

system. In th i s  d i s s e r t a t i on  the assumpt ions  will  be made that

h(x , y ; ,  ~~) i s cont inuous in x and y, bounded , and suc h tha t

sr~s 
lh(x,y; ,~~)~

2 
dxdyd d P  <

Furthermore , it wi ll be assumed that  f ( ,  ~‘)  will  a lso be bounded and

at least piecewise continuous . T hese assum pt ions  wi l l  impl y t h a t

g(x, y) will be continuous in x and y. This  a s s u m p t i o n  on t he  part of

g(x , y) is necessa ry  for di g i ta l  p roce s s ing  s ince  only a samp led

version of g will be dea lt w i t h . Thus if we de fine g. to be g(x, y l

sampled in the image coordina te  plane (x , y ) and s imi larl y fo r h , t h e n

the vector form of equation (1_ i ), t he c o n t i nu o u s - d i s c r e t e  imag ing

model, is obtained El_ i , 1-21

£ = jT h(~~, T l ) f( , ‘n)d d~ + 11 ( 1 - 2 )

where ii is an er ror  term and all vectors are N x i  columns . Here the

aim , as in any reconstruction process , is to recover f as best as

possible , in some sense , knowing h and £• This  model is dep i c t e d

in Fig. (1 ,1).

L
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In tu i t ive l y, the concept of degrees of f reedom (DOF) f i ts  nicely

in to  t h is model as can be seen by not ing that f ( = , I) is defined on a

cont in uum, namely R , an d as such represents  a noncount abl y

inf ini te  number of DOF. The image g. is desc ribed b y a f in i t e

number of samples N, and at best represent s N DOF. Howe ve r , the

imaging integral  equation causes reduct ion of this  number due to  the

point spread funct ion (PSF) blur provided by h ( ,  Tl). Here the  PSF

is desc r ibed by an N-vec to r  whose elements are continuous funct ions

of the object coordinate system ( ‘ , ‘fl ). One ’s int u i t i on  m i g ht se r ve

here in the concept that the  grea ter  the blur , t he fewer t h e DO F.

Thus , if h . ( ,  T~) is a “narrow ” funct ion the DOF would be g r ea t e r

than if h .( ~~, 11) were a “broad ” function . Becaus e h . ( ,  11) can repre-

sent a space variant  point spread funct ion (SVPSF) , we can fur ther

let our intui t ion suggest that in reg ions  in which the object is in

“better focus ” (i . e ., na r rower  PSF) we would be obtaining grea ter

DOF than in regions of “poorer focus ” ( i . e ., broader  or grea ter  blur

PSF).

The rationale behind the separa t ion  of the problem int o two

classes should be a little clearer now, if the sys tem is t a k e n  to  be

ideal, then 
£ 

is simp ly f ( ,  I )  sam pled in the out put c o o r d i n a t e  plane

and we are confronted with the problem of relating the DOE ~f a

samp led image to  i t s  o r ig ina l  unsarn pled ve r s i on . II must  also be

con s idered  that  to  sensib ly  d i s cu s s  samp led i m ag e s , one must  be
4
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dealing with ones tha t are band limited. If f(~~, T ) )  is not band limited ,

which is often the case, we can assume that its sampled version f is

obtained from some other function whose band limited version

coincides with f at the sample point s . In this case, h can be taken

as an ideal low pass filter.

1.2 Research Objectives

The objectives of this research will be to develop a measure of

the DOF of imaging systems and to apply this  to two areas of stud y.

The first  is that of the tomographic or projection imaging sys tem.

The second area will be tha t of developing “smart sensors ” by variably

adapting to the DOF of the sensed image. With respe ct to the former

projection imaging system C l - f l ,  it will be necessary to develop a

weighting function for the tomographic imaging system and i ts

associated continuous -discrete model.

By quantifying the degrees of freedom of the tomographic imaging

system we will , for the f i rs t  time , be able to  pr ed ict t he resolut ion

capabilit y of the sys tem for large numbers ofsample s . It will  also be

shown tha t the resolution limit s in tomography a r e not a func t ion  of

th~ particular reconstruct ion algorithm employed , but are funda-

mental to t he pr ocess i t se lf .

W hile the  main int e nt in the f i r s t  area of research  is  t o  invest i -

gate the  degrees  of f reedom and in fo rma t ion  conten t  in  t h e  p r oj e c t i o n
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~

-•

~

- -

~

— 
~~~~~~~•- -- - - • --

~~~
-

~~~~~~~~
-.

~~~~~~~~
• --•—

~~~~~~~ 

-- .-•--

~~

•

~~
~-



imaging process , s t ruc ture  will be shown to exist tha t makes a

linear algebraic solution to the reconstruction problem feasibie for

images of a rather  large dimension . Thi s l inear al gebraic  a l g o r i t h m

will be developed , and the result s presented in t h i s  d i s s e r t a t i on

concerning information content in projection imaging will be obtained

from thi s model.

It will also be shown that the di f f icu l ty  in image r e s t o r a t i o n

arises not so much from the sampling scheme used , but is innate to

the original continuous-continuous model of linear imaging systems

in general. This will be accomplished by relating the  ei genva lues of

the gram matrix of the kernel vector h with the singular  values of

the original  kernel  h(x , y;~~, fl ) .  The gram matr ix  will be discussed in

Ch . 3. The situation where h~x, y;, “ ) is unknown will also be t r e a t e d .

Here the problem will be considered as a two dimensional approxi-

mation problem and the concept of an “epsilon degrees of freedom ”

will be developed. By thi s it is meant that the degrees  of f reedom

of an image at a leve l epsilon will he the  minimum number  of func-

t io n s needed to approximat e f(~ , 1) within an accuracy of epsilon

assuming  a part icula r m e t r i c .

From a “smar t senso r ” viewpoint by way of mot i vation , i f  we

2conside r a sample d image cons i s t i ng  of N samples t h a t  could be

approximated to an acceptable error 1w a least squares polynomial of 

• • - - •-~~~~~—~~-~~~~~~~~~~~ •~~~~~~ - - -•-
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2 2 2
M variable s with M ‘~~N , it would be reasonable to say that this

image had less than N
2 DOF in a least squares sense using a poly-

nomial as the approximation technique . This approach is taken to

circumvent the difficult y of associat ing  a f in i te  DOF to an image

defined on a continuum which obviously has an uncountably infini te

DOF if we desire to specif y that image exactly. However , i f we are

willing to accept an approximation with a small but nonzero error ,

then the possibil i ty exists  in quantif ying the DOF in th is  manner.

In e ff ect t his r epr esent s an a t tempt t o  “b rid ge the gap ” betwee n

t he co nt inuous domain upon wh ic h i ma ges ar e de f ined an d t he d i s c r e t e

point sets  involved in dig i ta l  computations . Shannon ’s sampling

theory represents  one method for r econs t ruc t ing  uni formly  sampled

band limited image s , but by taking a more general approximat i on

theoretic approach other sampling and r e c o n st r u c t i o n  technique s may

be used. For example , the desirabil i ty of nonuniform or adaptive

sampling can be i l lustrated by cons ider ing  an image t hat conta ins

high f requency in f ormation in a small r egion in i t s  domain o f

de f in i t ion  with  t h e  remainder c o n t a i n i n g  onl y low f requency  compon-

ent s , If it is desi red to  r econs t ruc t  th is  sample d image us ing

Shannon sampling,  t hen it must  be sampled at th e  N yqu i s t  r a t e

defined by t h a t  small  h ig h f r e q u e n c y  zone . I n t u i t i v , i v, it  would s e~~~,n

t hen tha t  the  r eg i o n s  of low f re q u en c y  c o n t e n t  a re  ov ,  r samp led.  

— — • - —— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Real iz ing that  we can never  collect an i n f i n i t e  number of samples for

application on a digi ta l  computer  and that  some er ro r  always result s

from this  technique , it mig ht be possible to  achieve a reasonable

er r or by a fini te “Shannon interpolat ion ” at t he respective Nyquis t

rates in each of those regions . More formall y, in one d imens ion  i f

BT is the bandwidth of the funct ion and T is the  lengt h of the in te rva l

of observation then there are approximately 2 B
T
T independent

samples from thi s function in the in terval  Co, I] . If we w i s h  to say

that in the interva l Co, a], a < T the highes t  “e ff e c t i v e ” frequency

component is BT and in Ca , T] the highest  “e f f e c t i v e ” f requency

component is B 1, (B 1 < B T ), t hen the number of independent samp les

in CO . T1 becomes 2 E BTa + B 1(T-a) 1 . Since B 1 < B
T it follows that

Z E BTa + B 1(T-a) 1 < ZB
T T . Depending on the  r a t io  of B

T to  B i it

mig ht be possible to r econs t ruc t  the func t ion  to  reasonable e r ro r  by

th i s  approach with  far  fewer samp les .

T o  illustrat e the applicabilit y of adaptive p rocess ing  cons ide r

t hat advances in charge coupled device ( C C D )  sensors  are such t hat

some p rep roces s ing  wi th in  the  sensor  i t se l f  is not so un rea l i s t i c.

this preprocessing could i nvolve some evaluation as to what data

c o n s t i t u t e s  in fo rma t ion  t o  t h e  user  and t r a n s m i t s  onl y t h a t  dat a

re l evan t  to  the  users ’ needs . Surface acous t i c  wave dev ice s  (SAW )

a re becoming  avai lab le th a t  can provide a Four ie r  t r a n s f o r n i  of 
a n 8
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ima ge at video data ra tes  so tha t it is possible to obtain a sensor  that

provides a t r a n s f o r m  of the image as its output . This increase in

sensor  sophi st i c a t i o n  coupled wi th  the abilit y to gat he r large quan t i t i e s

of data , t he abi lit y to do adaptive samplin g or some ot he r more

exotic processing to get at the real information content in the data ,

may provide fruitful results.

9
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Chap te r  2

R E V I F W  OF THE SI  ATE OF ] HF A R I

2 , 1 Tomographic L i t e r a t u r e  Rev iew

The concept of degrees  of f reedom (DOF)  has a r i s e  t .  in  th ~

imaging l i te ra ture  in an attempt to  quantif y the number  of t ru l y

independent sample s of data one gathers  with photo gr aph i c  or o t h e r

imag e sens ing devices .

In obta inin g an es t imate , ~~, for f in ( 1-2 ) ,  co nsiderat ion must be

taken of the fact that the PSF kernel vector , h , is comprised of

kernel functions that are not necessar i ly  i nde pendent . Ne glect ing

the er ror  term for the moment , thi s dependency of kernel funct ions

implies that some of the output samples can be pr edic ted  by l inear

combi nat ion s of t he others , are thus superfluous , and serve to reduce

the DOF of the imaging sys tem.  The e r ro r  t e r m  aggravates  th i s

situa t ion in so far as , if an output element can be predicted by a

linear combination of the others  to within an accuracy  be t te r than  the

measurement e r ro r , that measurement  adds no new informat ion  to

what is alread y known. For one dimensional systems it has been

suggested that the Gramian formed from the PSF N - v e ct o r  could

provide a quanti tat ive measure of the DOF available in an imaging

system. The ent r ies  in thi s mat r ix  represent  the corre la t ion or

11

- . -

~

-- . - - - - - . ~~~~~~~ — -- - — •-~~~~ ‘~~~~~~ •——-— - — - • •‘—•—— - • - - —•- --— — •-‘--•-- -—- —-•-— •—- — -•- ——-——-— -- - -  - - • — — —  



_ _ _ _  — - -~~~~~~~~~~~~ -------- --~~~-- - -- -~~~~~ - —-~~~~~~~~~~ - - - -- ---- - - --- --- - • - -  — - -

overlap of each PSF wi th  i t s  neig hbors . If we consider  the fol lowing

one dimensional con t inuous -d i s c r e t e  model

S h(~~)f (~~)d!
R

The gram matr ix  Cr 1 is given by

Cr] 5R 
h( )h ’~( ) d ~

where all vectors are considered as Nxl  column vectors and

indicates vector conjugate transpose. The rank and/or eigenvalue

map could be used in the definition of the DOF [z_i , 2-2 , 2 -3 1.  In

this d isser ta t ion  we pursue this development in two dimensions and

apply the analysis to the tomographic or project ion imaging system

as an imaging system example.

Projection imaging or three-dimensional  recons t ruc t ion  has been

the subject of much research  in recent years . This is the result of

important applications such as electron microscopy E2-4 , 2-5 1, rad io

astronomy t 2_ 6, 2-7] , and trans-axial tomography 2 - 8 , 2~ 9, 2-10] ,  to

name a few . There has been a somewhat in tense  effor t  in  t h i s  last

application in the medical  communi ty  w i t h  the p ro l i f e r a t i on  of

article s , reports , con ferences , and even the manufac ture  of

equipment . While the mat hemat ica l  basis upon which t r a n s a x i a l

tomograp hy is founded is  quite  sound , many of the  p r a c t i o n e r s

of the technique have develope d a v a r i e t y  of image r e c o n s t r u c t i o n

12
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approaches which are seemingly unrelated and c o n t r o v e r s i a l ,

Basical ly the tec hnique requires  computational r e c o n s t r u c t i o n  of

an ima ge and r e s e a r c h e r s  have developed a lgor i thms which can be

roug hl y c lass i f ied  as follows: convolutional [2-6 , 2-7 1 , Fou r ie r

t r a n s f o r m  [z -4~ , algebraic , in t he sense of ART 2_ 9 T , and l inear

al gebra ic  as d e s c r i b e d  by Kash yap [ 2_ l o T 
. The convo lu t iona l  and

Four ie r  t r a n s f o r m  algorit hms can be considered as c losed - fo rm

al go r i t h m s  in the  sense that  a continuous so lu t ion  is  f i r s t  obta ined ,

and then  d i s c r e t i z e d  for im plementat ion on a d ig i t al  computer .

Whi le  ma themat i ca l l y ele gant , t h i s  sequence gives l i t t l e  i n s i g h t  in to

the e r ro rs i n c u r r e d  due to d i s c r e t i za t i on  and the  p resence  of no ise

or measurement e r ro r s  in the sys tem . Linear  algebra ic  approaches

somewhat ci rcumvent  thi s si tua t i on .  but have not r ece ived  as much

a tt en t i on , most likely, as large m a t r i c e s  are involved for i m a g e s

of even a moderate  dimension.  N e v e rt h e l e s s , the i n f o r m a t i o n

conten t  in a pa r t i cu l a r  sampling geomet ry  can be d e t e r m i n e d  by

c o n s i d e r i n g  t h e  spec t rum of t h e  point spread  fu nc t  inn  mat r ’  x

des - r i h i n g  t he  i m a g i n g  sy s t em.  Thi s is  not t o  say t h a t  l n c a r

ah~& ’ } i r a i c  n~~tho ds  a re  the  only way to  approach t h e  i n f o r m at i o n

- ont t nt or e r r o r  ana l y s i s  in the  p r o j e c t  ion  im a g i n c  sv~.t e f l ~. K I u g

and C rowt be r ~2 — 1  1 ~ have f o r m u l a t e d  t he i m a g e  r~ on s~ r u~~t i o n

pr iIl, m ~is  an , - I i ~e n va lu e  p r o b le m  in  t h e  c o n t i n u o u s  d o m a in . ;, r ,d

H
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have drawn analogies to optical data processing sys tems  in ana lyz ing

the effect  of a fini te  number of projections . In addi t ion  to this e f fo r t ,

Smith , Peters and Bates [2_ 12]  have considered the ef fec t  of a f in i t e

number of projections in the reconstruct ion process .

2 .2 Image Approximation Li tera ture  Review

The concept of the degrees of freedom of a sampled image as an

approximation problem arises  ~quite naturally in t he context of image

c oding by t r a n s f o r m  methods . In t r a n s f o r m  image coding an ortho-

gonal t r an s fo rma t ion  is performed on a sampled image matr ix  and a

bandwi dth  reduc t ion  is obtained b y t r a n s m i t t i n g  on ly those  t r a n s fo r m

coe f f L c i en t s above a cer ta in  t hreshold whose level is cons i s t en t  w i t h

t he des i red  er ro r  [ 2_ l 3~ . T he large bandwidth r educ t ions  r epor t ed

are due , in part , to  t he compac t ing -o f- image -ene rgy  proper ty  of

t he or thogonal  t r ans fo rms  employed . Howeve r , an y c o m p a c t i n g  in

the transform domain is at the expense of an increased dynamic r a n g e

in the transform coefficient s because of the conservation of energy

inhe rent to all orthogonal transformations.

Anot her situation is the appl ica t ion  of the  s ingula r va lu e

decomposition (SV~)) al g o r i t h m  r2 -14 1  t o  the  sampled im ag e  matrix

where  upon t h e  n u m b e r  of degrees  of f r eedom can  he equated w ith I c

num b e r  of e f f e c t i v e l y  nonze ro  s ingular  values , w i t h  be r em a l  n i n g

p a r a n i e t er -~ rh-s  c r i L ’i rig I he ort  hogona l  si n g u l a r  v, ct c ) r s .

h 1
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In both of these s i tua t ions  we are  dealing with  a sampled ve r s ion

of the image only, and as a result  the degrees  of f reedom could be

aff ected by the sampling method used and t hus could lead to mis-

leading resul t s . T he point to  be made here is tha t  the degrees of

freedom should be a characteristic of the original image and

reflected in t he sampled image only by our i n a b i l i t y  to  colle ct an

uncountably infinite number of samples for application on a computer.

It is to this end that approxi mat ion  t h e o r y  is d i r e c t e d . In fact

the Remes alg orit hm r epr esents  a met h od f or f i n d i n g  t he best

approximating polynomial (in the uniform norm) of degree ~ n to a

cont inuous function in the interval [a, b] in terms of a sequence of

solutions involving finite sample point sets  wi th  n+Z element s each

[2 _ l 5 ] .  Unfortunately,  no equivalent a lgor i thm is available in two

dimensions but it should be noted that  the  Stone - \ V e i n s t r a s s  t h e o r e m

assures the ability to  uni f ormly approximate a c o n t i n u o u s  f u n c t i o n  of

2 variables by a bivariate  polynomial w i t h  a r b i t r a r y  ac c u r a cy

2- 171 .

Recent ly Hou r 2 1  and Peyrovian 2-1Q have employed

spline f u n c t i o n s  t o  image r e s t o r a t i o n  pr obP ms w i t h  onsiderable

success , i l o w e \ ( - r , i n  bot h of t h e s e  w o r k s  t h e  kno t s were  bot h

fixe d and uni  f o rrn lv  s paced w i t  h no ~ t e n ip r  I ~~i rig ii id - t o  i mpr  -: t l ie

app rox ima t ion  b y ad us t i n n  I lie 1< pla U s • In  o n~ di  men S 00

15 
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the existence of best approximat ing spline s w i t h  both fixed and free

knots have been shown to exist [2-20 1 , and that the approximation

capabilities of splines are  great ly increased wi th  the al lowance of

free knots.  Recent ly  Schult z has deve loped e r ro r  bounds for multi-

variate spline approximations , in both L and L
2 
norms in terms of

the maximum mesh widt h of the knots and the moduli of cont inui ty

[2_z1 , 2_22]

While Schult z ’ result s are mainly concerned w i t h  e r r o r  bounds

and not the best appr oximating properties of spline s, it  is one purpose

of this dissertation to demonstrate experimentally that a sensible

placement of the knots adds considerable  power to the image approxi-

mating capabilit y of b i v a r i at e  cubic  spl ines . F u r t h e r m o r e, s ince  t h e

mapping of the sampled image int o i t s  spl ine c o e f f i c i e n t s r ep resen t s

a nonenergy conserving transformation , a bandwidth reduction

(mani fes ted as a reduc t ion  in the number  of sp l ine c o e f f i c i e n t s needed

to  desc ribe the image ) that is not n e c e s s a r i l y at the  expense of an

inc reased dynamic  range . ‘I hus the  poss ib i l i t y  e x i s t s  of m o r e

e f f i c i e n t ly q u a n t i z i n g  and e n c o d i n g  t hose  c o e f f i c i e n t s than  t h o s e  of t h e

more wide ly used ort hogonal t r a n s f o r m s .

2 . 3 Overv iew of t h e  D i s s e r t a t i o n

‘t he main f e a t u r e s  of t h i s  d i s s e r t a t i o n  a r e :  a) the  a d a p t a t i o n  of

a c o n t i n u o u s  — d i s c r e t model  for image r e st  o r a t i o n  in  g e n e r a l  and  I s  

~~--——~~~~~~~~ -. -- --- ~~~--- -~~ - - - - --- ----- —---- _ _ _ _ _ _ _ _



applicat ion to the t omograp hic imaging  sys t em in p a r t i c u l a r ;  b )  t he

use of t he eiger ivalue s of the gram m at r i x  in p r ed i c t i ng  the  t omo-

grap hic imag ing  s y s t e m  pe r fo rmance ;  c)  the  adop t ion  of an approxi-

mation t heoretic approach to  relat ing the degrees  of f reedom of a

sampled image to  its or iginal  unsampled vers ion whe n a sys tem

weig hting function is ei ther  unknown or of secondary i mpor tance  to  the

particular image processing t a sk ;  and d) the application of that

approximation theory  to the design of “smart sensor ” imag ing a r rays .

The following is a brief summary of the d i s se rt a t ion  on a chapt e r

by chapter basis .

Chapter 1 serves as an in t roduct ion  to the not ion of image

degrees of freedom and as such outlines the d i f f icu lt i es  involved ,

Models for imaging systems are introduced along w i t h  t h e i r  appropri-

ate constraint s that will be used throug hout the work .

Chapter 2 serves as a review of the research effort s t owards

characterizing the degrees of freedom of imag ing  sys t ems  w i t h  a

known weight ing funct ion . The recent effor t s in a lgor ithm develop-

ment and in f orma t i o n  conte n t in t he to mogr aphic imag ing  sys t em are

also cove red . The main intent  is to  review known sys tems  and the

approximation theo re t i c  approach will be reviewed here and expanded

upon in Chapter 5 af ter  it has been properly mot ivated .

Chapter 3 contains the development of the t ools necessary  for

the investigation of information content in imaging systems. 1-here the
17
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relation between the gram matrix eigenvalues and sys tem degree of

freedom is developed along with algorithms for estimating f us ing the

gram matrix of the continuous-discrete model. This is done for bot h

the case where the system of equations is invertible , and where the

system is singular and a constrained least squares approach is

necessary. The separable gramian is al8o discussed and shown to

result in a significant computational reduct ion . Finally, t he r e la t i o n

of the gram matrix eigenvalues to the continuous-continuous model

eigenvalues is explored and bounds are given for the separable

gramian.

Chapter 4 is the application of the results of Chapter 3 to the

tomographic imaging system. A continuous -discrete model along with

its associated gramian is developed. Structure in the gramian is

shown to exist making a linear algebraic solution possib le . T he

degrees of freedom of the tomographic system are obta ined  using

the gramian and are shown to be in excellent agreeme nt with the

general type of system tornographic imaging describes . Numerical

results include some excellent r econs t ruc t ions  for exper imental

projection data.

Chapter 5 is devoted to the information content of a sampled

image. In this chapter the problem is shown to be an approxi mat ion

problem related to the prior methods (where the approximating

functions are taken to be l inear  combina t ion  of th e  PSF k e r n e l s  in t h e
18 
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conti nuous -discrete model).  However , in th i s case t h e r e  is con-

siderably more f lexibi l ity .  ‘1 he concept of an “eps i lon  de g rees  of

freedom ” is def ined and related to sampled images u sing splines

wit h free knots.

Chapter 6 ‘s devote d to the experimental result s of the “free ” or

“variable knot ” splines of Chapter 5.

Chapter 7 contains a summary of the dissertation along with

some conclusions and possible future work.

Append ix A deals with the relevant computational prope rt ies  of

normalized B-splines.

Conside ring the dual nat ure of this work a flow diagram of the

chapters is given in Fig. 2. l~ It should be useful in visualizing the

directions taken through the dissertation.

10
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Systems mation b S lines
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Figure 2.1. Organization of the Dissertation .
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Chapter 3

THE CONTINUOUS-DISCRETE MODEL AND THE GRAMIAN

3. 1 General Development

In this section we relate the DOF of the imaging system (mani-

fested as dependent data) to the linear dependence amongst the PSF

kernels of Eq. (1-2). In doing thi s we will sele ct an a rb it r a ry  unit

length vector a. which when dotted with the imaging equation yields

= h(~ , ~ )f ,~~)d~~dP>+<a ,n> . (3-1)

R

If the f i r s t  t e rm on the rig ht is much smaller than the second , then i ts

contribution can be considered minimal. Taking this  with the fact tha t

1, we must reduce the degree of independence or number of

DOF by one for every independent a such that

~~~ ~fh f~~~~ d~
d
~~>1

2 (~~~2 (3-2)

where n fl 2 can be considered the sensor noise which con t r ibu te s  t o

the definition of the signal to noise ratio of the imaging sys t em . We

can further investigate the implications of equation (3-2) by noting

that the vector inner product on the left can be related to the

continuous i nne r  product of f with h by

n



- 
-

~~~~~~~~~~~~
- - -- —- ---!

~~~~~~~~~~~ ________ 

• -

l<~~~
, f1~ ~ )f( , ~ )d~ dT~~1

2 
= 1f f  

f (F ,~~ ) < h(P, ~ ), ~~~ d~~di 1
2

and applying the Schwartz Inequalit y

1 ff  f(~~, ~ ) < h ( ~~, ~) , a > d~d~ l
2 

~ff ~~~~ ~) l
2d!d~Jj Kh~~~~~

. > l
2ded~

= f(~ •fl)j~ ~[r]

Here Cr] is the  gramian of the PSF kernels and is def ined as

or 

[r’] I~~ ~~~~~~~~~~~~~~~~

= JT ~~~~~~~~~~~~~~~~~~~

which is Hermi t ian  having real eigenvalue s only . Because f(~~, ” )  can

be con sid e r ed bounded , 
~~~~~~~~~ 

7 1)1  ~ E , we will assume in c o n j u n c t i o n

with equation (3-2) that

2

~ ll~H~
Expanding IF] int o its eigenvector decomposition [~‘1

and let 
,~~~ = tU]~~~~~~ , 

another unit vector , we have

Clear l y 3 is m i n i m i z e d  by the a l lowing of t o  be t h e  e i gen .

vect or a s s o c i a t ed  w i t h  t h e  smal les t  eigenvalue  of ~~ w h i c h  leads t o

the  c o n c l u s i o n , t h a t  for e v e r y  e i g e n va lu e  ) s u c h  t h a t : 

~~— -~~- ---~~~~~~- - - - -~~~~~~~~~~~~--—— 
_ _ _ _ _ _
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2 2
E <

one degree of freedom is lost.

We can now tu rn  our a t t en t ion  t o  the  problem of obtaining an

estimate of the object 1 , and d e m o n s t r a t e  the  role pla yed b y the

gramian. In doing thi s we will d e t e r m in e  a m i n i m u m  norme d least

squares estimator with the constraint that the norm of the error be

equal to the norm of the noise vector . The least squares approach is

ta ken a s it leads to a generalized inverse solution in the discrete -

disc re te  model which Rao [3-1 , 3-2 1 has shown t o  be a min imum

variance unbiased es t imate  of the orig ina l  object , f. The discrete-

discrete case is developed f i r s t  and serves t o  mot iva te  a minimum

normed least squares solution to the  co n t i n u o u s_ d i s c r e t e  problem .

The d i s c r e t e - di s c r e t e  problem is nothing more t h a n  a r e g r e s s i o n

problem where in  the image vec tor  is related t o  the  object vector  I

throug h a blur ma t r ix  [H 1 as follows

[H ] i  + n ( 1- 3 )

Here all vec to rs  a re  M~~l co lumn v e c t o r s  and III1 is  an M’~N m a t r i x

wit h M~N in genera l. n is a noise vi ctor whose element s will be

ta ken t o  be iden t i ca l ly  d i s t r i b uted indepe ndent  r andom var i ab les  so

t hat Ef n n t 1 
~~~~ 

IC r 3 2  ~~ An e s t i m a t e  f can he o b t a i ned  f r om

the fol lowing:

z
T i i j f l~~f l hj Z , ’  II ~~ ,



subjec t to

l tH]L-.~j I~ 
=

which result s in the minimizat ion of

w(f ) = 1T
1 + y t ( [ H ] f - ~~~ ( [H]f ~~~) + I !n

This leads to

i [I] + y [H T [H]J f = y[H~~

resulting in

j  = [
~~~

] +

which can also be expressed as

= [H]-~[! [I] + rHJ r H - 1 :] _ l .& ( 3 — 4 )

The Moore-Penrose pseudo inverse , ~1]+ , is give n by t3 -3, 3..41

[H 1~ = urn ~H1’~[! [‘1 + [H]I i I 1 ] 1  3 5
V

and takin g 1=  1 II~1~~ result s in a m i n i m u m  normed  leas t  s qu a r e s

so lu t ion  to Eq. (3-3) . Also note  t hat r UT 3 
i n v o l v e s  t h e  m a t r i x  r j 1 ~ rj 1 ~~- , :

which is a d i sc re t e  form of the  g r a mi a n .

T he c o n t in u o u s-d i s cr ( ’f ( ’  model can he t r e a t e d  in  a s i m i l a r

m a n n e r  b y s t a t i n g  t h e  prob lem as

2
m i n i m i ze  r ~ ( . 3 d C ~

24
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subject  to  S h ( e ) f e d E  
~~~~~~~~~ 

= n

where  G = (~ , ‘f l )  for notat ional  simplicity. T he cr i t e r i on , w( f ( G ) ) ,  ~o

be minimized is give n by

w( f ( 8 ) )  = S ~
2

( O ) d G  + V I  r h ( e ) f ( e ) d e -~~~ + I n  ( 3 - 6 )

Minimizing w (f( ~~)) necessi ta te s the use of the calculus of variations

wher ein we let 1(e) = f0(e) + c~~(B ) .  f 0( e )  is t he estimate mini mizin g

Eq. (3-6) and A(O) is any function of e. Thus we have that :

1) w(f(E)) = minimum value

achieved at the 1(e) such that

A

2) — w ( f ( O ) ) 0

and
2

3) —
~~
-

~~
- w ( f ( G ) )  � 0

c= O

to guarantee a minimum. Substituting 1(G) = 10
( G )  + €~~( E )  int o Eq.

( 3-6) we obtain

u~(f( e ) ) = 5 (f o (e ) + e M e ) ) Zd O + y ~.
T

~~_ 2 y&
T

J~,,~( e ) ( f o ( O )  + c M O ~d~

+ 55h
v ( e )h ( 71)(f ( e ) + e ~ ( G~~ • (f

0
(~~) + c ~~(Th) d G d 1~+ I n ~~

( 3 - 7)

25 
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The f i r s t  deriva t ive  wi th  respect  to e re sul ts  in

~W 
~~~~ = 2~ (

~~e + ~( O )) A ( e ) de  - 2~

+ 2 y S h ) ( ~~(~~) + e ))d ~~r h ( e ) A ( e ) d ~ (3 -8)

= 25~
2

( G)de + Z y 
~~~~~~~~~~~~~~~~~~~~ 0

If V � 0 we will have a minimun~. Sett ing Eq . (3-8 ) equal to ze ro  and
evaluating at c = 0 we obtain a minimum at f0 ( G )  sat  isf ~~ng

A ( 9) f e ) - m ~ ( e ) ~ ( e )  +y h  (e )5h (~~)f (~~)d~~~d~~= 0

which will be sat isf ied if

+ Yh ( B ) 5h ( ~~)f
0 (~~)d~ y h ( e ) ~ ( 3 - 0 )

Notice that th is  expression is of the al gebraic form

(I +y W ) f
0 (~~

where

5
which can also be wr i t t en

Wf
0(’fl) = 5K ( e ,~~)~0 (71) d ’n

where

K( e , ’fl) = h ’~( O ) h ( 7 1 )

2

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



so that  we r e c o g n i z e  Eq. ( 3 - 9 )  as a Fredhoirn  i n t e g r a l  e q u a t i o n  of t h e

second kind which can be solved b y i t e r a t e d  k e r n e ls g i v i n g

=

s ince

(I + V~ 1
1 ( 3 - 10 )

if (I+y W)~~ exists and ~y v I ~ � 1.

To obtain an exp licit form for the  s olution and cond i t i ons  for

conve rgence  note t hat

A

~i’ f~ (~ ) =

= ~ h ( e t ~~ T h t ~ )f 0 (~ )d~-

implying tha t  the k e r n e l  of th is  t r a n s f o r m a t i o n  K
2

(~~, ) is  g iven b y

2 
=

an d t hat W f ( ~~) can be w r i t t e n

= f ~~~~~~~~~~~~~~~~~~~~

and t h at K~ ( G , ~ ) h~ ( e ) r T 
1b(~~). Thus

y 1im{~~~ ( - v 1~)~ h~~(N~
i 0

~ 
~
i
~~l ( ) r 1i 1

l ) I (~~d~~
n-~~ i~~r 0

L - -  - - — - - - — -  
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y u r n  { ~~~ (~~~ ) h ( ~~)~~~~
n-4~ i= O

f~~~- ) = v h ~ ( e ) ~~ r~~+ y~~~~T~~ ’ 
~ (3 1 1 )

if t h e  l i m i t  e x i s t s . H o w e v e r  S i n ce  ~~~ and ~~~ a r -  b o t h  ma ’ r i ce s  a n d

r--~ has n o n n e g a t i v e  ei gt -n v a lu e s  onl y,  e v e r y  e i g cn v a l u e  of T ’T ’ -
~

wil l  be nonze ro  for  y~~ 0 impl y ing  t h a ’  ~1I ~ + y~~~~~~
1 

ex i s s . Thus  we

can  r e a r r a n g e  t h e  r ig h t  si de  of eq. ( 3 - 1 1 )  and o b t a i n  t h c  est i m a te ,
A

f(~~, ~ ) = f
0 ( &)

f(~ , ~) = h ( ~ , T ) [ ~~ r 1~ + rr~]
’ 

£ ( - l Z )

N o t e  t h e  s i m i l a r i t y  b e t w e e n  ( 1 _ l i )  and  ( 3 - 9 ) ,  and t h a t  a Moore-

P e n rm~e pseudo i n v e r s e  wi l l  be o b t a i n e d  by l e t t i n g  y so t h a t

f ( ’ , ~) = h~~(~ ~~T ]~~

w hich will  be

f(~ . ) = h (~~,

if r~~ is n o n s i n gu lar .

A c r i t e r i o n  for  t h e  c o n v e r gen c e  of t h e  s e r ie s  i n  eq. (3 -  10) is

t hat y~~~ = ~~H ‘~~~~ < 1 , 1 h i s  has ph y s i c a l  s i g n i f i c a n ce  for  p a s s iv e

i m a g i n g  s y s t e m s  s i n ( - c t h e  out put i m ag e e n e r g y  wi l l be less t h a n  t h e

input i m a g e  e n e r g y  fo r  such  s y s te m s . 1 hus

_ 
_ _ _ _ _ _  -
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so tha t

U~’ffl~ 1

resulting in

= sup 
I f i ’

~f l I ~ 0 -~2

At t his point it is interesting to investigate the relative error in the

es t i mate f (~~, 71 ) is of the form

f~~, 71 )  =

where

+ t n ]  
‘
~~

If we let a.’ = tU] ’a so t hat

f ( F , 1~) = ~p ( F , Tr) ,~~ ’

w herc  the ~~ •
(T , 1) are orthogonal and ~~~~~~ ~r )  h ( ~ , T ) [U ] ,  then the

re la t ive  e r ro r  in f( , ~ ) wi ll be give n by - 9 ~- - . This  can be

accom plished by expanding in the eigenspace of IT]  b y l e t t i n g  rU~ be

such t hat

Cu] ~‘l [Ui  =

where ~~~~ is the diagonal matrix of eigenvalues of rT l  , and

- 

~~~~~~~ 
r 1] . Thus

2 .

~

__ _-_

~ 

_ _ .~~~~_ . _ _ _ __ __ ._ 
~~~~~~~ 

_
~~~

_ - - ~_ - q-~~~~~~~ . ’~ 
-1



- -  
‘

~~~~~ =

and the solut ion of the cont i nuous-discre te  imaging equa t ion  wil l  be

- ;  a solution up to the degrees of freedom of [F T . Then we not e that

~ ~~~ ~~)~~~~(?  ~ )d~ d71 = [
~~ Iu 1~hV ,  ~~~~ (~~, ~ ) [ d ~ d~

R R

= tu~~[r] ~u]

= [ A ],

i. e. t he set I~p(~~, T ) )  is or thogonal .  Then a ’ is as follow s

= Cu] : 
[!II] +

=[ ! [u ]+ [U 1[A1[U 1 ’
~[U1]~~~~

[![u] + [u llAl ]  
‘
~~

If [FT is nonsingular the pseudo inverse solution is obtained by

l e t t ing  y — ~~ So t hat

= 
[~~~ l f l:

;

It is easi ly ve r i f i ed  t hat in t e r m s  of ~~~~, 71)

f(~~, r )  = 
~~~~~ ~

)
~~~

‘ > = h : (~~, ~~~~~~~~ (~~~i

The r e su l ts  of equa t ion  ( 3 —  1 3) i n d i c a t e  an i l l  — c o i d it j o i n  iig p r ob l e m

in wh i c h  an upper bound on the  r e l a t i v e  er r o r  H a ’ / a~~
1 can )~~ -

found  t o h e 

-—-*--- -



a ’\~ I x— max —

~ min’ ~~~

In general then we can obtain our estimates for f(!, 71) in the eigenspace

of the point spread functions with the same results, and can generalize

to other quadratic constraints by let t ing [C] be a nonsirgular constraint

matr ix and postulate the problem as follows .

minimize

subject to ~~-[u][A 1 a~~ 0

The criterion to be minimized becomes

a~ [C]a + y~~~-[Ul [ A l ’

when y is the usual Lagrange multiplier . Performing this  minimiza-

tion result s in a constrained least squares solution of

a = (y ’ tC] + [At

’ [A]  [U 1~~~ (3- 14a)

and

f(F  fl ) = 
A
~~[u1 - h ( r , ~3 (3— 14b)

Prope r conditions on Ic] and y result in the pseudoinver se  recons t ruc-

t i o n  and are developed elsewhere [3-5 , 3-6~~.

3 . 2 Separable Kernels

In image process ing  we are  often  con f ron t ed  w i t h  very  large

ma t r i ces  tha t make implementa t ion of the algorithms of section 3. 1

dif f icult  if not impossible . If it is no ted  t h a t  if a sampled image dat a

31 
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point is obtained at each coordinate tuple (x ., y .)  and that  the re are N

and N samples in the x and y d ir ect ion s r es pec t ive ly, then  the image

vector is an N •N xl column vector and [rJ will be a N N xN Nx y x y  x y

matrix. Thus for images of even a mode ra te di mens ion , say 100

by 100, ft] will be a matrix whose dimension  is l 04
~ lO~ c ont a in ing

1O~ elements. Clearly some structure in [Fl must be found that

allows a simplification.

The structure investigated in this section wi l l be t hat of a

separable kernel. By a separable kernel it is meant th a t  h . ( ~~, T )  can

be wr i t ten  as the produc t of two funct ions as follows:

h. (! , 7 1)  = h~
1 

~ )h~
2 > ( T )  Vi = 1 , 2 N • N ( 3 - 1 5 )

1 1 X y

This subject is of in teres t  becals e it of ten occurs  in p r a c t i c e  and t h a t

separability allows a s igni f icant  computation reduct ion  over the

general case.

From (3_l5) the kernel vector h(~ , ~) of (1-2) becomes

= ~
(l)
()® h~

2’
~(~fl)

where ‘~~ denotes t he  Kronecker , or d i rec t  product  be tween  and

thus:

12

L  _ _  _
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h~’~ ( F ) . h~
2 > (71 )

h ( ~~) .h~
2
~~~)

=

h~~~~~( ) h ~~

2

~~ ( )
x N . N ~~~lx y

The computational savings provided by kernel separabil i ty lies in the

fact t hat [F] can be shown to be the Kronecker product of the two

gramians [r]~ ’ ” and [F]~
’
~ as follows

[r] = [r]~
1
~ø [p]

(2 )

where

= ~~~~~~~~~~~~~~ (3-1 (a)

= r h~
2
~ (71)h~

2
~~~( 1)d ( 3 - 1 6b )

To show thi s consider ,

tr] = ~~

R

which for separable kernels becomes

[r] = ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

From Bellman [3-7] we know that

[h ~~~ Øh ~
2
~~~ ) } = h~

’
~~(~~) h ’2

~

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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thus

= ~ [h 1
~~~~) ®  h~

2
~~~~) ) [h ~ ’H~~)®  h~

2
~~~~ ’) 1 d~~dT

But by the algebra of Kroneckers 13-71

(1) (2) (1) (2) (1) (1 ) 2 2 )

~! 
(
~ )® ~ 

( ‘r)} [h (
~~i® !~ 

( 1)) = [h ~~~~~ ~~~~~~ ~~~~~~~~ ~~~~

so that

= ~ h~
’ )h~~~~~~d ® ~ h~

2
~~~)h~

2
~~~~ d

(1) (2)
fri = [FT ® ~~~~ ( 3 - 17)

Clearly it is a s ignif icant ly simpler t a s k  t o  d i agnoal i ze  t w o  m a t r i c e s

of dimension N and N each t h a n  one N N ~ N N mat rix . By way ofx y x y  x y  -

i l lus t ra t ion , s ince  [Fl~
’
~ and are H er m i t i ar ~ t 1 e y  ~i r o  d i a g o n a l i z -

able as follows

= r i ~
1 )~~~~(1 

~~~ 
1)

r~~~
2 ) 

= [U~~~
2 

~~~~~~~~~~~~~~~~

then from the algebra of I rorieckers [1-7 1

[~~~~~ 
[ ] ( 1) r 1 (2)  

= ~~~
(1) r~~

(fl
[1

(l) r~~
(Z) r~~~~

):-l2)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and finally from Bellman r3 7] we have tha t
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r~~1
(1) 1_r’]’2~] ’ = 

~~~

Consequent ly, t he coefficients  for  the e s t i m a t e  of f become

= [A]~~~~[u1~’ 
)~~~~~~~~ [A~~

2
~~~~[U]~

2
~~~~ (3 - l 8a)

— 1 — 1
f ( = 71) ~

:
[n1

( l )  
h~

’
~~~ ) ~~~~~ h~

2
~~~ ) (3 - 18b )

For the case where [F] is singular and the constrained least squares

solutions are used , we have the following

a = [y~~ [c] + [A]~
’
~ ® [A l ] ~~’[A]~~~[u]~~ ®

If we let [C] be separable and nons ingu la r  as is often the case

(take for exa mple ~C] [I]), t hen

= [y~~ [C1~~~ Ø[C ]~
2
~+[[A ]~

’
~ 

~~~~~~~~~~~~ [ \]
( 1 

~~~~~~~~~~~~~~~

= [c]~’ 
)~~1 

® [C]~
2
~ ty ’ [i] + [c]~

2
~ [A1~’ 

) Z 
[C~~

2
~ [ ] (2)

] ~

[~1~ ‘~[u]~’ ®~~~
(2)~ u i~

2 ’.~
A A , ( 1 )  (2)

= ~~[u] ®tu ] 
~~~~~~~~~~~

Thus we see that the constrained least squares solution to a problem

with separable 
~~~T1 and [C] m a t r i c e s  involve s the  d i a g on a l i z a t i o n  and

invers ion  of far  smaller d imens ioned  ma t r i ce s . The d i scuss ion  of

anot he r a t t r a c t i v e  s t r u c tu r e  is de f e r r ed  unt il the sec t ion  dea l ing  w i t h

t h e  tomograp hy g r a m i an .
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3 . Gramiari  Ei genvalu es  and Sy s t e m  Eigenvalues

In the preceding Sec t ion  t he  de gr e e s  of f reedom of t h e  cont inuous -

d i sc r e t e  mode l of a l inear i m a g i n g  sys tem has been i d e n t i f i e d  wit h

the  numb er of ef fect ively  nonze ro  eigenvalue s of i t s  g r a m - m a t r i x.

Thi s prompt s the ques t ion  of exactly what is the  r e l a t ionsh i p be tween

t he gramian eigenvalue s and the  or iginal  c ontinuous sys tem eigen-

values, for it would c e r t a i n l y  seem reasonable tha t  they  exhibit  a

s imilar i ty.

In this section we will apply a result of Keller t3_ 8 1 that  will

allow us to relate the eigenvalue s of [r’l to  the s ingular  value s of a

four continuous variable kernel  h(x , y;~~, ‘p) which is not necessarily

he rmitian.  To do thi s we fo rm the  auxiliary kerne ls h ’(x , y ;~~, ~ ) and

h” (x , y;~~, ~r )  and formulate  an outer  product expansion for h (x , y;~~, ~~).

Under the original assumption , namely , that h(x , y;~~, 1-) is square

integrable , i.e.,

.~T lh (x ,y ;~ , T ) ~
2 

dxdyd~d~
R

and defining the adjoint  kernel  h~ (’ , f l ; x , y) as

h (
~~, ‘fl; x , y )  = h(x , y;~~, 1)

then the auxiliary kernels are:

h’(x,y;~ , 1) = J’1
~ 

h(x , y;n , P)h~ (0, c~

= ~‘ h(x ,y ; p , P )h ~~ , T ~;~~, 
(
~) dp dO ( 3 — 1 9 )

36
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h”(x ,y ;~~, ’fl) = 55 h ( x ,y;c i , e)h( 0 , e ;~ . 71)d0 de

= j ’J’ h (p, e;x ,y)h ( 0 , e; !,71 ) d0de (3 -20)

and

~i.cp.(x , y)  = fl’ h ’(x . y; P , 71)~~.(F , 71)d~d71 (3—21)

~~~~~~ y) J’J’ h ’(x , y ;~~, 71)~t .(~~, 71 )d Fd71 (3-22)

= ~~ h(x , y ; F ,~~~~. ( F , 71)dF d~ (3 -23 )

~~[ ~~~~~~~~~~~~~~~~~~~~~~ (3 -24 )

Then h(x , y;~~, Y )  admits of the following expansion

h(x,y;~ ,~~) = 

~~1 
I~~k I~~~~

(x , y)*k . .~~
) (3-25)

If we sample h’(x,y;~ ,71) at the coordinate t uples = (x .,y.) and

1 N N , j = 1 N N , it should be clear
— j x y  x y

t hat

(i) ‘j )
h’(x ,~c ) y..

ii

Let 1N~ 
be a t w o  d imen s iona l  quadra tu re  rule approxi m a t i n g

flf~c,y)dxdy given by:

N
x
•N

y ~~~I 
f(x

~Y~
)w

1~
. w~ 1 , N = N . N

~ J’~ 
f(x , y)dxd y

R

37
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Sampling f(x , y) on a car tesian product grid we can separat e w • •  in t o

(x) (y )a product of two weig hts w~ , w . [3-9] where these are the respec-

tive quadrature wei ghts for one dimensional  in t eg ra l s  along the  x

and y direct ions . The quadrature  rule then become s

N N
df = f(x.,y.)w~~~w~~

N x N  . 
1 3 1  1

x y i= l  j= 1

To simp lif y the quadrature notation let x = (x ,y), 0 (
~ , ~P )  t hen  t h e

samples become:

= (x . , y . )  i = 1 , 2 , ... , N N x~’~ cR
2

— ‘ 3  X~~~
T —

= (~~ ., 7 1 .)  j = 1,2, ...,N N
3 3  X~~~~~~ 

—

W = ~~
(x)

.~~
(y )  j 1 , 2 N N

3 3 X~~~~

Then the quadrature approximation to (3-21) becomes

~~ ~~~~~~~~~~~~~~~~~~~ 
(3-26)

or in vector  form

where  rw] is a diagonal  m a t r i x  of q u a d r a t u r e  w e i g h t s . If we 1, - i

he t he k t h  
ei genvalue of ~ T r~ and 

~~ k 
i t s  a sso c~ ~~‘ ~H ei~~e i i v e e t o r ,

t hen

~ k~~k 
=

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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considering those quadrature rules with weights greater than zero,

and such that

lim If ~r f(x , y)dxd y
N - ’~ N x Nx x y
N - ~y

Keller has shown that for every eigenvalue of [F][wl there exists

an eigenvalue 
~ k in ( 3 -2 1 )  such that

~ ~~~~~~~~ 
max !c (~ )I (3-27)

where

= I~r h t (x ;~~, 7 1 ) c p~ (~~, 7 1 ) d~ d 7 1 _  I h’tc~ !
R N N

x y

and A
R 

is the area of R. B y le t t ing R equal the unit rectangle  and

employing a rectangular  i n t eg r a t i o n  rule with evenl y spaced sample s

suc h that  ~~~~ = N .N  , t hen the  eigenvalues of [FT converge to  a

constant , (depe ndent on the number of samples), t imes  some ei gen_

value in eq. ( 3 -2 1 ) .

Since t h e  e r r o r  in the  es t ima te  f in eq. ( 3 - 6 )  is uppe r bounded by

t he condi t ion number of [Fl max 
, t he ac tua l  value of the  cons-X min

tant  is unimportant . What is impor t an t  is t h a t  t he  shape of t h e  H g i

value map of [F] r~ ] will be in good ag reemen t  w i t h  t h e  spect r u m  i t

t he kernel  in the  con t inuous  -con t inuous  model. I h e  se r e s u l t  S S e r v e -

to put on a f i rm foot ing  what should he our i n t u i t i v e  f ee l ing  t o w a r d s

~ 

-
~~~~~~~~~~~~~~~~~~~~ -- - - .
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t he image r e s t o ra t i o n  problem , n a m c lv , U t t  t h e  d i f f i c u l t y in  res tor -

a t ion  is no t so much a f u n c t i o n  of the  sampl ing  n i e t  hod used (for any

one consis tent  wit h a q u a d r a tu r e  rule such th at  j  f -. ~ fdx could ben —

used) , b ut is innat e to the original  con t inuous_ con t inuous  fo rmula t ion

of the image re s to ra t ion  problem .

3.4 Eige nvalue Error  Bounds  for Separable Kernels

For separable kernels  ac tua l  numer ica l  bounds on t he  e r ror

I~, U k 1 can be obtained , Wie land: 3 -lo1  i n v e s t i g a t e d  and developed

bounds for the e r r o r s  in e s t i ma t i n g  the  e i g e n v alu e s  of a h e r m n i t i a ~

operator in one d i m e n si o n  using va r ious  q u a d r a tu r e  rules . Since t h e

two dimensional separable problem reduces to two one dimension al

problems , it is relative ly s t ra i ght forward t o  extend t ho s e  resul t s t o

the  two d imensional  separable problem . In the  previous s e c t io n  t h e

eige rivalues of [Fl ~v l  we re i n v e s t ig a t e d  where w~ = N N  for a ll i .
-l his presents  no di f f icu l t ies  in o b t a i n i n g  f i n  Eq . (3~~5) s ince  we

simp ly scale both  sides by 
N N  • -r he resu l t s of th e  previ ous

x y
sec t i on  are also va lid for ot he r q u a d ra t u r e  ru le s  where  n~it h e r  ~~~

sampl ing  s u b i n t e rv a l s  n o r  t h e  qu a dr ~- it u r ~ Wei gh t s  a re  cons t an t , i n

d c i i  w i t h  t h i s  we must  m u l t i p l y  bot h s i de s  1 !- ‘~~~~, (~~ l3 )  b y t h e

a p p r op r i a t e  qu a d r ; i t  ore we i g u t  m a t r i x  ~ 1 afl( 1 oh ’  -~ in

r 
= 1:A,1r~ 

i r 1112 ( 3-2~~
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If we r e s t r i c t  our rule s to those  w i t h  the prope rty

max w~
‘ < N I  a s N N  -+~~~~~mm w x v

the n the  i n v e r t  ih i l i t y of t3- 13) is di pi ‘ :d, n~ on and  not ~~~ Now

¶w~ [r ]  is s im i l a r  t o  r 1  1w’ w h i c h  is s 1~ -i i m i l a r  to  t h e  h er m i t  i a n

matr ix  £w]~ 
r T] [w~~ implying  tha t  t h e s e  ma r i c~- s a l l  av e  t h e  same

eigenvalues . Thus we can a na l y ze  t h e  s e p a r a b l e  g r ar n i a n  c i g e nv a l u e s

using Wielandt ’s resul t s applied to  r - -  
~ 
w1 .

As before , we fo rm the  a u xi l i a r y  k e r n e l  h ’ x , y ; ’, 1) as f o llow s

h ’(x , y ; ’, ‘ii)  = ‘
~ 

h (x , y ; - , ~ )hL , ‘ ;— , c ) d - ~d
R

~ h~~~(x , r ) h~~~(y,  O)h
1 , p ) h~

2
~~~ , h ) d~ d~

R

= ~ hW(x, 0)h~
’ ~~~~~

. ~ )d p h~
2
~ (y ,  ) ll l 2

~~~ ~)d

x y

T h e n

( 1 
~
‘ ( ‘) ‘

h’(x , y ;~~, 
~
‘)  h ‘ x . )h 

- (y ,  
~~~) 

( 3 _ 2 n )

For a separable ke rne l  Eq . ( 3 - 2 1 )  be comes

( 1 )  ( 2 )  ( 1 )  2 )  ( 1 ) ’  ( 1 )  -, 2 ) ’  ( 2 )
g. U

k 
~~~ . ( x )

~~k (y) = h (x , ~~~ (~~)d~ h y .  ~~~~ ( )d~
x y 3 3 Q )

w he re

( 1 )  ( 1 )  ( 1 ) ’  ( 1 )
i t .  ~~~ . (x )  = h (x , )~,. (~~~)d ’  ( 3 — 3 1 )

I 
R 1

‘C
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(~~ ( ( 2 )  ( 2 ) ’  (2~U . 
~~~ • ~ ) = 

S 
h (y,  ~~~~~~~ . 

(~~(d~ ( 3 - 3 2 )
- - R

y

The app rop r i a t e  qu a d r a t u r e  rules  w i t h  x and y sampled on a a r t e s ian

produce g r id  y ield

( 1)  ( 1) ,(1 ) r  ( 1 )  ( 1 )~~~
. u . = [ F —  w 1 U . ( 3 - 3 3 )1 —i — — -

~~1~

= 1 1 (2
w~~

2 )
U~

2 )  
(3  i4)

w h i c h  imp l i e s

~ ( 1) ( 2 )  
= ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~1 3 ~-~I — 1 - - - 1

The d e s i r ed  r e s u l t  is t o  bound

(1) (
~~~

) ( 1 )  ~) )
~~\ . X . -U . U .

1 
~ 1 3

To do t h i s  c o n s i d e r  t hat

( 1 ) ~~ 2 ) ( 1 ) ( 2 )  
= p ( l ) ( l ) ( 2 ) (~~) ( 1 ) ( ~~( ( ~~)

1 1 1 1 3 1

( 2)  ( 1 )  ( 1
~ u. fl . — i . .3 1 1

Since 0 V~ and u . � 0 Vi , t a k i n g  t h e  t r i a n g l e  i n e q u a l i t y  im p i - es

t h a t

( 1 )  ( 2 )  ( 1 )  ( 2 )  ( 1 )  (2)  ( 2 )  ( 2 )  ( 1 )  2 (.~~
) t 2 )  ( i t  ( i iI) . ~~~. -U U. -

~~~ -~~~ 4 I~
_ 

~~~~~~ -Lt 1 1 1 1 1 1 1 1 1 1 1 L

~in c e  we can cons ide r ‘ hat c i  and � 1 ~~ oht a~ n

__ - - - - -  - - - - --
~~~~

- -
~~~~~~

—-
~~~~~~~~~

- 4



( 1) ( 2 )  ( 1)  ( 2 )  ( 1 )  ( 1 )  ( 2 )  ( 2 )  ( 2 )  ( 2 )  ( 1 )  ( 1 )
~~~

. ~~~. -U. L. I � l x -  -U. l i x .  -U.  + lx. -
~~~~

. + ~X . -
~~~ I1 3 1 1 1 1 3 3 3 1 1 1

( 3 - 3 5)

- - Now W i e l a n d t  ‘s resu lt applied t o  h~
’
~ x , ~) fo r r e c t a n g u l a r  i n t e g r a t i o n

wi th  N
~ 

point s p rom O , il  equally spaced such  t h a t  w~ = 
~~~~~~~ 

f or al l

i is such t hat if h~
’
~ (x , ~ ) is a h e r m n i t i a n  Ker nel such  t hat

for all  ~~~~~~ 1 t hen for  eve ry  ~~~~~~ e i gen v a lu e

of ~~i
( 1 )  

~~~~ , t h e r e  e x i s t s  a u~~~, a n  ei genvalue  of ( 3 - 2 7 ) , such  t . .~~~~t

( 1 )  ( 1) 1 .O 8L~~~-Li Hi i N x

- r - -, 1(2) . .‘I he r e s u l t s  for  - are  i d e n ti c a l .  Appl y m n g  t h i s  t o  ( 3 - 3 5 )  we have

for r e c t a n g u l a r  i n t e g r a t i o n  w i t h  N and N e ven l y spaced point s in t h e

x and y d i r e c t i o n s  tha t

~ (1 O8) ~ L 1~
( 2 ) ~~~~1~~~ R 1~ 

~ 

i .o~ i 2
~ 3 - 31 )

w here

( 1) ’  ( 1 )
— h ~x , fl � L V~ c 0 , 1

and

~~~ h~
2
~~(y,  ~) j � L~

2
~ \.~ 

- - r~ 
‘
‘

( 1 ) ’  (2 ) ’If the kernels h (x , ) ~ r.d b t y , fl are t w i c e  d i f f e r e n t  i ahb  such

t hat

( 1 ) ’  : 1 )h (x , ~) L ~q(~~’ 0 , 1

a nd
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h~~~Hv , v~r ~o , i i

we  can app ly \t i c l a n d t  ‘s r e s u l t  for  S impson ’s rule  t o  ( 3 - 3 5 )  and

obta in

( 1 )  ( 2 )  
- 
(1) 2) (.75)

2
L~
’
~ L~

2
~ .75L

t
~~ 75J

( Z )
• I X . \ .  -U. U. 2 2 + 2 + 2 ( 3 _ 3 7)

1 1 1 1- - (N - 1 )  ( N - 1 )  (N ~ I )  (N - I (
x y x y

For Gaussian quadrat ure over a ca r t e s i an  produc t  g r i d  w i t h  N

and N point s a long t h e  x and y d i r e c t i o n s  r e sp e c t i ve l \ , if t h e

( 1) ’  (2) ’  thaux i l i a ry  k e r n e l s  h (x , ~~) and h (y ,  ‘ ) po s ses s  c o n t i n uou s  p

part  ials

?P1 (1)’ ~P2 ( 2 ) ’h (x , ~) and h (v ,  ~~)

the n for  N � p1 
and N � p2 u s i n g  \ V i e l a n d t ’s r e su l t s fo r  G a u s s i a n

quadrat ure it can he shown

c 16( ~~~~~~) I  
, d ) P 2 

h~~~~(x ,

____ ( 2 ) ’
.max h iv “

~ )
r

d 1 p1 :~Pi (1)’
max h (x , )\ N  - 1-  

- P 1

+ 
~~~~~~~~~~~~~~~ \~~~~ 2

where ’

44



(1 .92 ifp 1,p2 
� 6

d 1.d2 ( 4 .0 if p1,p 2 �7

These result s are summarized in Table 3. 1 for each of the

aforementioned quadrature rules in both one and two dimensions .

3. 5 Conclusions

The concept of the gramian eigenvalue s in d e t e rm i n i n g  the

degrees  of f reedom of the imaging sys tem have been developed . The

gramian eigenvalue s have been related to the system s i ng u l a r  values

by way of auxiliary kernels and have been shown to  be close ly

related to those singular value s . Since for every L2 kerne l these

s ingular  values tend to zero ,t he numer ica l  ins tab i l i ty  in di gi t a l

image r e s t o r a t i o n  ar ises  f rom the or ig ina l  c o n t i n u o u s - c o n t i n u o u s

model for imaging systems. For imaging system kernels that are

separable , act ua l numerical  bounds for the d i s t a n c e  be tween  the

g r a rn a i n  e ig e n v a l u e s  and the  square  of t h e  sys tem s i ng u l a r  values

were found .  I h i s  should be quite useful i n  o b t a i n i n g  upper bounds

for  t he number  of e f fec t ive ly independent samples one can o b t a i n  for

se parable i m a gi n g  sys tems .

-I’
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Chapter 4

PROJECTION IMAGING AND THE GRAMIAN ’

4. 1 Continuous-Discrete Model

We are now in a position to apply these  analytical  methods

obtained through the  cont inuous-discre te  imaging model to  the t rans-

axial tomographic project ion imaging sys tem . In the ideal case the

output of such a system, as modeled in Figure 4 . 1 , is a project ion ,

p (r , 8) , related to the or iginal  object , f(~~, 1- ), as f ollows:

p ( r , 8 )  f ( F ~~~) h ( p r ; ) d~ d~ (4-1)

In any real system finit e detect or wid th , beam spread , s ca t t e r -

i ng and ot he r phenomena cause the line p ro jec t ion  t o  be d i s t o r t e d .

Thus it is appropriate to  cons ider  the  d i s t o r t e d  p r o j e c t i o n , i- ( r , et  t o

be related to  f(~~, ~f l )  t h r o u g h the  genera l blur  h(~~, r ;~~, Ii), In the

impor tan t  case where  the  blur is space i n v a r i a n t  a l o n g  r , and

independent  of 0 ,  the  p r oj e c t i o n  becomes

04 ~~si n  ~~ - r )d~ d~~.
R

1Th is and por t ions  of t h e  p rocee d ing  chap te r  a r t  summar i zed  i n
McCaug hey. I) . and 11. C . Andrews , °1)egrees of Freedom i n
P ro j ec t ion  Imag ing ,  IF EF 1 ransac t  ions on A c o u s t i c s ,  Sp e e c h
and Signal P r o c e s s i n g ,  vol. 25 , no. 1 , F e b r u a r y ,  1 77.
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-

~~ I
where b(~ cos e + n sin  8 - Ti) is b(r) evaluated along the line

(~~~ 
cos 0 + 1~ sin 8 - r) .  For an in f in i t e ly  nar row blur we have the

ideal imaging sys tem, an d the PSF kernel  would be a l ine mass such

t hat

b(P,r;~ , T) = ~~~ cos ~? + ~ s in  B — r )

along the line (~~~ 
cos B + ~‘ s i n  B - r ) .  H e r e af t e r  R will be t a k e n  to  be

t he unit c ircle .

For this  ideal imaging  sys tem the l ine mass p r o j e c t i o n  become s

= f ( ’ , ~~~~~ cos 0 +  ~~ S in  ~~~~- r ) d~~d~ (4-2b )

and it can be shown t hat ~~(r , ~~~) = PL (r , 8)~- b ( r ) .  If the  Four i e r  t r ans -

form of o(r , 8 )  is denoted by J f ~-i ( r , E 1)~~, the n

3 [ p ( r , 0) ~ = 3[pL
(1

~
, ~ ) L7i’b ( r ) 1  ( 4 - 3 )

where

.~ [p (r . 2 )~ = p (r , ~)e Z
~ 3U dr

From the  p ro j ec t i on  slice t h e o r e m  :4- 11 we can rel at e t h e  F e ur i e r

t r a n s f o r m  of the p r o j e c t i o n  t o  t h e  c en t r a l  s e c t i o n  of t w o - d i m e n s i o n a l

Fou r i e r  t r a n s f o r m  of f ~ , ~~) as  fo l lows:

~~[p 1 u r . ~~~ = ~~~ 
~~)

-j 2~~~~1( ~~O S ~ + ~~~~~i T ~ t
d~~~d~~~.

I ) e n o t i n g  7 i b ( r ) 1  •e s  13(u ) a n ’ )  l e t t i n g  t.’ i i . ~~ 
‘~‘ - p r . ~~~ we ha ’. - ’ 

-- -“-- -- - -~~~~~~~~~~~~~~~~ -- - ~~~~- -- -- -~~~~~- - 



g(u , 8) = B ( u )~ 1 f(~, ~) -) 2~~ (F cos U + ~~Sin  
~~~~~~~ (4 -4)

Finally le t t i n g 
~~ . be g(u , 8) evaluated at the coordinate tuple

(u k . C~• ) , we have the following contirAuous -d i scre te  c h a r a c t e r i z a t i o n

of the project ion imaging process :

= B(u~~)~~~ ~~~~~~~~~~~~~~~~~~ 
B~ + ~~~5ifl 

~~~~~ d~ dTi ( 4 -5 )

i =

k = 1 ,2 M

where  M
8

and M r are  the number of samples t aken  around P and

— along r , res pective ly. In the notation of the previous section , the n,

the total number of samples N must equal M~~ M = N .

By lexicog ra phically o rd e r i n g  the i nd i ces  (i , k)  to  fo rm the

image v e c t o r  the above imaging  sys tem has a g r a m i a n  c o n s i s t i n g

of the  following b locked mat r ix

1) 
[F~~~~

’ 
2)  

F1~” N~~

1) 
[1

(2
~
2) 

.

Cr1 : 
-

1) 
CFl

(M
~~ 
M~ )

where  each [F 1~
1 4 m) 

is a symm e t r i c  M r x M r m a t r i x whose k , £

ent ry is given by

4(~



- Z~~~k (-cos~ \+~~
sin

~~
) +j2iru (‘eos~ -4-~~sin~

I i , ni) - :- ‘C 1 9 i i i  In
= B (u ~~)B (u ) I i  e e

R
~~~~~~

Lett ing

= r cos

‘fl = r si n ~

dxd y = rdrd~

1 Zir -j 2iru r cos(~~-~~.)  j Z ’-iu r cos (~~- --

= B(U k )B - (U
L ) r S  e 

k e 
m r d r d~

Le t t i n g  -
~ = $-~~

‘ ., dis = d~ , -9. �~~t � Zr ~
_ 0 . the n

l ~1 1

1 Z~i-9 . -j Z~Tu r co s( -~- )  j Z riu r c o s ( ~ +i~.~~P
= B (u k )B

~~
(u

~ ~ ~
‘ 1e 

k e 
i ~~~ r i r i-~

Temporar i ly let ~~P = 8. -e
i m

£ m) 
1 Z ’rt — 0 ~ _j ZTTu ~ r eos ( -~) j 2T1u~r co s ( ’~ ) c os ( ’~~)

L) 
= B(u k

) B (u
L )$ S e

~ d-,’ rdr

1 Zii — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
= B(u k )B

~~
(u

~)$ 5 e d~’rdr

Define:

e 
~
u
L
cos(

~
l 8) - U

k 
e u~ s in  -~~~~

z = ~~~~ +e e = z co5 (~~), e = z s i n ( ~~)

ct tan  (e I c )
S
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We have tha t

= B(u k )B (u~~~~~~~~~~’ e3 2
~~~tZ cos( i ) c o s ( ~~)-z s in(

~
) s in ( cx)l d~~ d

1 Zu -e
= B(u k

)B ’
~

(u
~ )S $ 

i j 2 r r r z  cos( 1l ! +a )
d d

0 _ e
~ -

= B(u k )B ’(u~
)2

~~$ J0
(2~~z)r d r

= B(u  )B~’(uk L z

By resubst i tu t ing for z we have the des i red  result

2j  r2~~(u 2 _ 2u u c o s ( 9 - 9  ) + u
Z
)21( L , m) 

= B (u k )B
~

’(u L
)Tr 1 

2 
k k L i m 

2 ~ 
- 

( 4 - 6 )
- 2u u c o s ( P  -8 ) + uk k L  t m  £

where J 1(. ) is t he f i r s t  o rder  Bessel  Func t ion  of t he  f i r s t  k ind . Th i s

f ( i m)funct ional  form for the en t ries  in Lr’] combined w i t h  the block

s t r uctu r e r e sult i n g  f rom the lexicograp hic o r d e r i n g  of t he  k , i i n d i c e s

f rom equat ion  (4 -5)  provide a s t r u c t ure for t T ~i which f ac i l i t a t e s  i t s

genera t ion, d iagona l i za t ion, and i n v e r s i o n . If we not e t hat 8 . and

0m in fluence CF1 only t h roug h the cos ine  of t h e i r  d i f f e r e n c e , by samp-

ling B un i formly ove r £0, 2ii ) and u independent  of B , and no t in g that

the cosine prope rt y of c 0 S( B
j

_ f l
m

) is even s y m m e t r i c  about M~ ~~‘

will have the following form which  is even s y m m e t r i c  c i rcu lan t

only in the indices i , m:

cj

_______________________________ ______ ___________ 



I

1) ~~~l , 2) r~ 1(1 , 3)  r~~
1 ’- 3)  r r~~

(l , 2 )

2 )  rH1’ 1) 
:T1~~ ’ 2 )  

~~~( l . ~~ ~~~(l , 3)

= . . ( 4-7 )

2) £r1~’ ~~ r~~”4~ . r~~~ ’ 2 )  r~ 1
(1

~ 
1)

From th is  it is seen that  each row of b locks  is a r ig ht c i r cu la r  s hi f t

of the preceding row . Thus for si mpli c i t y we can let ~~~~~~ 
m) 

=

hereon . In the  special  case where  each is i t s e l f  a c i r cu -

lant , Er] become s a b lock c i rculant  ma t rix . Hunt C4 -2 1 has shown

t hat block circulant  ma t r i ces  are  d iagonal ized  b y an o r thogona l

matrix that is the kroriecker product of two m a t r i c e s  each of w h i c h

represen ts a di sc re te  Fourier  t r a n s f o r m. However , for our pro-

ject ion ima ging case Er1~~~ 
is only s y m m e t r i c  and not c i r cu l an t  so a

more genera l result  than Hunt ’s is required i f we are  t o  e f fec t  a

com putational reduct ion in d i agona l i z ing  f
~1

In general iz ing Hunt ’s result  to  include the  p seudo-c i rcul an t 2

t ype matrix Er] we are confronted with , we will conside r a m a t r i x

Er’], whose element s are taken fr om a complex v e c t o r  space V.

This will  allow a far  more genera l  result  applicable t o  c i r c u l a n t

2
The term pseudo-circu lant is introduced here to emphasize that
Er’] is nei the r circulant nor block circulant , hut simply has two of
i t s  four i nd i ces  o p e r a t i n g  as i n  c i r cu l a r - i t s ,
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matrices of rathe r arbitrary elements. By a comp lex v ector  space

is meant a vector space whose source of scalars is the field of com-

plex numbers , ~. Then 
~
‘] is given by

y( l )  . . .  y(M
8
-l)

y(M -1) y ( 0 )  ... y (M -2)
CF] = B e

where y(j) are elements of V and may be sca lars , vect or s , mat r ices ,

or t ensor s .

Let t in g u~(k)  be one of M
8 root s of uni ty the closure of the c orn -

plex vector space V implies that

w ( k ) y ( i ) E V  y -y ( i ) E V , w (k)EC .

Following Hunt , we have in vec to r  fo rm

j Zirk / Me

w ( k)  =

j 2~~k i/ Me

and

C~~~ ] ~ 
~~( 0 )  w ( 1 )  ~~~ i~(M ~ - 1)~~. (4 - 8 )

P ~~~~~ 
-

From t h e  p r o p e rt  ics  of t h e  complex e cponent ia ls  t h e  m a t r i x  1 is

o r t h o g o n a l  and

. 3



CA vJ EW M ]  IF] EW M 8].

The matrix EA~~ ] is a diagonal ma t r ix  whose diagonal  ele me nt s are

elements of the complex vector  space V which  may in fac t  be ma-

t r i ces . T he case of in te res t  here is when the vec to rs  
~(i) are taken

to  be mat r ices  co mpr ised of complex number s . The set of all such

matr ices clearly forms a complex vector  space , and t he above resul t s

apply. Us ing  Kronecke r products  E4-3] it follows that the m a t r i x

[‘] can be reduced to  block diagonal form by the ma t r i x -~~= ~~~~~~~~

~I1 and

(2 )  0 1
= 

~~~~~
— 

EWM9] 0 1 ~~1 ~~~~~~~~

0 

. B

~

where [Ii and are M
r 

x M
r 
matrices , Ci] b e i n g  a d i ag o n a l ,

be ing  full and be ing  def ined by e q u a t i o n  (4 -8 ) .  The b lock

diagonal  mat rix on the left s ide  of ( 4_ I ) )  c o n t a i n s  d i a t ~o i i a l  m a t r i ce s

t hat a rt  sy m m e t r i c  if  r~~T 11 
i s  s y m m e t r i c  Vi and  t h u s  d i a g o n a l i z a l le .

In a d d i t i o n  the  o r t h o g o n a l  mat  r ix  r e d u~ ng ftc Ic ft s ide of ~4 -
~~~~) t o

d i a g o n a l  fo rm is  it se lf  block d i a g o n a l , t h e  b l o c k s  h e i n i ~ ~~~~
- ,~ r l hoi~~’ i i - u l

n~ :lt  r i c e s  r i agonali z i ng r . ~ ~
. \V t’ t bus ~~a ~ e t r e s i -  I ha t  lu

comp let e  (I a gon a l i  7:1 1 ion of 
~~

- ‘1 b e co me s  

- -------- —--.--- - -~~~~~~~ - —~~- - -  - —  - -  -— -  - --
~
I,--•-

~~~~~~
-
~
-
~
.-
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o 
[EA]~~ 

E~]~
2
~

= L L
0

~4 — l O )

L 
0

where r1 ~(~ ) r~
(i) rii~

( i) 
= r))]( t )  

for a ll be ing  a d iagona l

mat r ix  of comp lex scalar eleme nt s .

If V i , ~~~~~~ is a c i rcu lan t  m a t r i x, h un t ’s result for block

c i rc ulant m a t r ic es  can be obtaine d as a specia l  c a s t -  of ( 4 - 1 0 )  b y

not ing  t hat t h e  set  of all c i r c u l a n t  mat r i c e s  whose el emen t s a r t -

complex n u nt h e r s  compr i se s  a comp lex v e c t o r  space .

The result s of equa t ion  ( 4 - 1 0 )  can he s u m m a r i z e d  as r e q u i r i n g

a gene ra l  d i s c re t e  Four ie r  I r a n s f o ri n  t o  r e d u~ e t h e  b l o c k  d i ag o n a l

I
fo rm followed b y i n d i v i d u a l  s u bh l ock  d i a c o ’ • i l : z a t i o n s  p r o v i d e d  v 1

s i n g u l a r v a l u t  d e compo s i t i on  ( ‘ -iv))) r o u t i n e  d e ve l op e d  i v  Golul)  - — 4 ‘ .

B y not p e r f o r m i n g  t h e  n~ult ip li - a l  i o n s  i n v o i v i n c  z e r o , a s i g n i f i  ~~nt

c o mp u t a t i o n a l  r i - d i e t  i o n  is a t h i e \  t d  i n  d i a g o n a l i -i . ine t h e  t r an s a x i al  —

p r oj e c t i o n  i m a g i n g  gr i t i a n . l- ’’i r t  l i t  r z n o r e , t h e  na t  t i r e  of O S ( t . 1

o v e r  ~0 , 2 i )  imp l i e s  a f u r t h e r  c o r n p i i t a t i o ;i l redu t i on  in t h a t  on ly

A



the  f i r s t  M
8/2 + 1 blocks of Er] need be c a l c u l a t e d  for  M an e v en

nu mber since the f i r s t  row become s

E:]~
’
~Er]

12
~. .. Er] 

( M - / Z )
[~~](M -J 2 1(M ~~/ 2 ’~,

Thus once i 1 , 2 , .. . , Ni~~/2 + 1 , is d e t e r m i n e d , r 2 
is  k n o w i  i n

i ts  en t i r e t y. Thi s also applies t o  th e  r e d u c t i o n  fr o m  b lo  k d i a g o n a l

form to diagonal  fo rm s i n ce  t i e ’ d i s c r e te  F o u r i e r  t r a n s f o r m  is

conjuga te  s y m m e t r i c  about  t h e  fold ing  f r e q ue n cy ,  and  o n l y  i )

= 1 N-L/2 + 1 need ac t  uall y be d ia~~ n 1a l i  zed Lv t h e -  8 V I ) .

To i l lus t ra te  the sign i f i c a i ’  c of t h e ’  abo\  e s i m up l i f i c a l  i ons  c o n  —

s ider  the  case where 64 sample s are  t a k e n  for  M
r and 512 samples

for M~. rn is t h e n  a 32 , 768 d i m e n s io n e d  ma ’ r i x  c o n t a i n i n g  over  10

element s . \V ithout  t h e  above  e o n i p u t a t  io n a l  s a v i ng s  i t  ‘~v ni ld  In U n —

feas ib l e  t o  eve n ca lcu la te  ~~~ , let a l o n e  diagonalize- i t , i l uw e v , r ,

by c a l c u l a t i n g  on ly  t h e  f i r s t  NI /2  + 1 b l o c k s  of ~ , p e r f o r t i n g  t h e

Four  i c r  t r a n s f o rm  m d i  (-at ed in 4 . q and t - mp lov i ng t h e  S V I )  a ig  o r :  t bin

of Golub 14_ 4 1 , t h i s  p a r t i c u l a r  ‘~~ was ca l culat  -d , rI ~a n a l : z e d  and

i n v e r t  c’l i n  under  2 h o u r  cpu I i  mt on a I ‘ !) P— I () con piit  e r~

I he grr t r n l a n  d t - ~ ~ lu p - :I i n  t i t -  : l ! - ,~ . -  t ran s.tx ;i l t o n i t i t ~r ap 1i ie  for m

has b e e n  based on t h e  ev e n samp li r : t ~ l i i  (r  r) a - ’ ) r t-sni ~ in~ i n

\~ da t  a Va l i i ’ s , \\  h i ,  - I hi  ~ ev en  S t  en) !  nc  of r and  ‘ I t sr 1 -

r ’ -s  ‘ u t  e d  i n  a S ~‘ li t n t  O l i lp i at  ~i , ,  r i - r i , or t rh  u - s  pr - s. ‘ !  -
~ n:

c l i f t i  l i v . In d l g (  is . n g  Ins i d  Io n Ii  r n  t i r - d  of ‘ h -  i . . p r e r  v:

--



c o n s i d e r  the  p r o j e ct i o n  i m a g i n g  s y s t e m  to  be ideal :  namel y,  c ( r . ~
- )  =

(r , ~ ) and B ( u )  = 1 in equa t ion  ( 4-4 ) .  Look ing  at ( 4 - 5 )  i ’ can  be

s ( c n  t h a t  if  U
k 

= 0 , for  some k , t h e n  t h e  k - t b  row of w i l l  he ftc

same for  each  i = I M .  ‘1 he re fo re  the  r a n k  of Cr ’]  mus t  be rio

g r e a t e r  than  M ,JN’I - 1)  + I and c en s e q u e nt l v  t h e  g r a r n i a r i  is s i n g u l a r .

Phy s i c a l ly t h e  u
k 

= 0 t e r m  r e p r es t~n :s  the  d . c .  or a v e r a g e  va lue  of

f(~~, T ) over R , w h i c h  of cou r se  is r o t a t i o n  i n v a r i a n t , and thus  no new

i n f o r m a t i o n  is gained c o n c e r n i ng  the  d .c . value a f t e r  t h e  f i r s t

p r o j e c t i o n  is o bt a i n e d .  N a t u r a l l y  t h i s  w i l l  r e s u l t  i f  a d i s c r e t e

Fou r i e r  t r a n s f o r m  is applied to  t h e  p r oj e c t i o n  d a t a  t o  o b t a i n  ~ and

the  u = 0 t e r m  is r e t a i n e d  in  each  p r ow c t  ion . B e c a u se  of ‘h is  inhe r-

ent s i n g u l a r i ty  in  ~~~ , t h e  e s t i m a t e  of f(~~, ) mus ’ nt  ( - e - s s a r i l v  r e s u l t

f r o m  e i t h e r  a p s e u d o- i n v e r s e  or a c o n s t r a i ne d  l e a st  s q u i r e s  s o l u t i o n

as developed in e q ua t i o n  ( 3 - 1 4) .  For a m i n i m u m  n o r m  e s t i m a t e  of

f(~~, ‘~~) we would set  t h e  c o n s t r a i n t  m a t r i x  such  t h a t  rç1 = 1
T

U t i l i z i n g  a d i s c r e t e  F o u r i e r  t r a n s f o r m  on t h e  p r oj e c t  ion  d a t a  t o

obtain 
,~~~ we have

( I )
£

(2  )
£

(NI Ip

where  is an M X 1  column v e c t o r  whose ’ k - f t  e l i - i n e n t , ~~~~ i s  t h e

k — f  h h a r m o n i c  of t h e  d i s e r , - t  t F o u r i e r  t r a n - i f o ri n  of t he’ i — t b  p r o j e c t  i i-i .
57



U t i l i z i n g  th i s r e su l t , t h e  fo l lowing  m a t r i x  r e p r e s e n t a t i ) n  1 t h e

r e c o n s t r u c t i o n  a l g o r i t h m  is o b t a i n e d .

( 1 )

= h (~~, 
~) E E uM )l ® 1I1~

L° 
‘

‘
‘

r~,1(’ ) - : -  
( ( 1 )

~~-1 ~~~~~~~~~~~~~~~~ 

EE -~~~ T® ~ iT ( 2 )

~~0 
Cu]~

4& 
( N ) -)

( 4 - 1 1 )

rt i s  the above equat ion which  is u t i l i z e d  as the  r e c o n s tr u c t i o n  al gor-

i t h m  for the  images in subsequent  sect  ions of t h i s  c ha p t e r , and  a f e w

comments  are in o rde r.

Clear ly the  m a t r i x  E 1~] mus t  be d i ag o n a l i z e d  and a c o n s t r a i n e d

least  s q u a r e s  i nv e r s e  p r e c a l c u l a t e d  only w he n  t h e  ge- o tn e ’ t ry  is

changed . Reca l l i ng  t hat

=

and t hat  the  E~
’ u~~]Ø C I I I  can he i mp l e m e n t e d  u s i n g  f a s t  F o u r ie r

t e c h ni q u e s , t h e  bu lk  of t h e  c om p u t a t i o n s  in c a l e t u l a  i n g  ~ l i t - s  i n  ‘he

mul t i p l i c a t i o n  b y t h e  c o n s t r a i n e d  l ea s t  sq u a r e s  m a t  r i x . S i n c E ’  t h i s

mat r i x  is b lock d i a g o n a l , b y not  p e r fo r m i n g  t h e  I : t l c t u l a t i o n s  i n v o l v -

ing  ze ros , j t  sh o u l d  he e v i d e n t  t h a t  t h i s  s t ep  i nv o l v e , s  t h e  S ,-rnie’

S8

- -~~~~~
--- - ---



_ _ _ _ _ _ _ _ _  -~~~

number  of o p e r a t i o n s  as the  convolu t iona l  po r t i o n  of a convolu t ion

al go r i t h m  for t he  same p ro j ec t i on  data format . h oweve r , the

convo lu t ion  al gor i t hm involve s only a s ingle  sum in the  back

pro jec t ion  s t ep  T4 - ’ T whi le th i s  a l g o r i t h m  involves a sum over bot h

• t he u and E , indices  w here  k = 1, . , , , M and i = l , .. . , M .  T husk r

t he convolution a lgor i thm should be more e f f i c i e n t  computationally.

One advantage  of the c o n t i n u o u s - d i s c r e t e  fo rmula t ion  desc r ibed

he rein  is tha t  it p rov ides  as an out put , a f u n c t i o n  whic h can be-

eva luated at the point s of i n t e r e s t  w i t h o u t  an i n t e r p o l a t i o n  s tep in t h e

al go ri thm . This e l im ina t e s  one source  of e r ror  while  p rov id i r ~

flexibilit y in t he output  fo rmat . R e c o n s t r u c t i n g  a ~4 ~ 64 out put

a r r a y ,  approxi mate l y S mm of CPU t i m e  was r e q u i red  for  M
r =

and M = 128, 1 h i s  is s o m e w h a t  s lower  t h a n  t h e  c o r r e s p o n d i n g  4 m m

f o r  the  convo lu t iona l  a l g o r i t  h r-i-i , and for  l a r ger  a r r a y s  t h e  comp eut a -

t ional a d v a n t a g e  should fa ’-o r  t h e  c o n v o l u t i o n  a l g o r i t h m .

4 . 2 F:~~~ ’r i m e n t a l 1y D et er m i n e d  De grees  of F reedom

To fur t he r emp h a s i z e  t he  u se fu lnes s  of t h e  g r a m i a n  in est  ima t  -

i n g  th e  d e g r e e s  of f r e e d o m  of an  i m a g i n g  s y s t e m , s on i C  c o mp u t a t i o n a l

examp les a r e  developed below. ih e  r e s u l t i n g  Cr’ ~ was d e t e r m i n e d

and d i a g o n al i z e d  by t h e  p r o ced u r e  d e s c r i b e d  in t h e  p receding  s e - c t  i on

for  n ine  d i f f e r e n t  c o m b i n a t i o n s  of M and N I . 1 h ree  va lues  of NI
r P r

equa l ing  11 , 32 , and (.4 w e ’re ’  se l ec t ed  and fo r  e a c h  of these , th re e-

value s of NI were  s e l e c ted  as  2M , 4
~~

t
r and ~ M r . ‘I hus t h e
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r e s u l t i ng  g r a m i a n s  r anged  in d i r t i t - o s i o n  f ron-i  512 v 51~ up t o

)2 , 7t~ ~ 32 , 7 ’ S , ‘1 able (4 . 1)  l i s t s  t h e ’ a p p r o p r i a t e  c o m b i n a t i o n s .

T he g ram ian  a s s o c i a t e d  w i t h  the  n ine  comb i n a t i o n s  of NI and

NI 5 l i s t ed  in Table (4 . 1),  were  formed and the p r o c e d u r e  for  r e d u c i ng

the full ar ’]  to  block diagonal  form us in g  Four ie r  me thods  ( C u ~N I l  ®

was employed . The block d i agona l  form was f u r t h e r reduced

ut i l iz ing the SVD rout ines of Golub r4~ 4~~, y i e l d i n g  a c o m p l e t e ly

diagonal M M
5 

x M M ~ m a t r i x  w i t h  eigenvalue s on t h e  d ia g o n a l . I h e

eigenvalues so computed are plotted in f igure s 4 , 2 , 4 . 3, 4 .4  for

M
r 

= 16 , 32 , and 64 respect ivel y. In each f i g u r e  resul t s are shown

for  M r. equaling 2M , 4M
r~ 

8M
r~ 

Since nonsingular  p e r m u t a t i o n

m a t r i c e s  can be included in the e ig e n v e c t or  m a t r i c e s  of ~~~ , without

loss of genera l i ty the ei genvalues  a re  plo t t ed  in de.~-r e a s i n g  o r der .

Not e that  due t o  the  la rge  dy n a m i c  ranges  i n v o l ved , a l o g a r i t h mi c

scale is used and t h a t  is a lway s  u n i t y .  This  is  t a k e n  t o  he ’ t h e

case s i n c e  Er’ I can a lways  be n o r m a l i z e d  by d i v i d i n g  b y ~~
Figures  4 . 2 , 4 , 3 and 4 . 4 d i sp lay a c h a r a c t e r i s t i c  b e h a v i o r  in t h e

A parent h e t i c a l  c o m men t  is i n  o r d e r  he re  fo r  th o s e  r eade r s
f a m i l i a r  w i t h  t o m o g r a p h i c  s c a n n e rs , In t h i s  c h a p t e r  W e ’  have ’
ga the red  M r sample p o in t s  a long  each r a d i u s  f r o m  (0 . 1 )  and
have ga the red  M

5 p r o j e c t i o ns  at  a n g l e s  f rom (0 , 2 - T ) .  In
pract ice p ro jec t ion  d a t a  is  o f t e n  t a k e n  r a d i a l l y f r o m  ( - 1 , 1 )
and at angles  f rom (0 , ‘ i )  (see f i g .4 .  1) . C le ar l y t he ’ s ame
region is  covered , t h e  onl y di f fe rence  b e i n g  a p e r m u t a t i o n  of
in d i c t ’s .

t O



spectrum of £F1 . In each plot , a f t e r  an in i t i a l  decl ine , X r emains

relatively constant with inc reas ing  n unti l  a c r i t ica l  point , called

N i t . 
is reached; whereupon an abrupt drop of 4 orders of

magnitude in )~~ occur s. Subsequently X decreases more slowly

with increas ing n . However , the eigenvalue s were calculated on a

DEC P D P - l O  digi ta l  computer in sing le prec i s ion  a r i t h m e t i c  and

since the SVD algorithm calculates eigenvalue s in decreasing ui’der ,

l it t le  conf idence should be a t t r ibu ted  to  value s of i less tha n lO
_ 6

.

Consequent ly we can a t t r ibut e the ta i l  of the  e igenva lues  s p e ct r u m  to

be due to computer roundoff and computational noise . ‘I his coupled

wi th  the abrupt drop in X at N
cr it~ 

will  allow us to roug hly e s t i m a t e

t he degrees  of f reedom in the pro jec t ion  i m a g i n g  s y s t e m  to  be N .~
.

Not e that thi s abrupt drop allows us t o  set a t h r e s h o l d  of approxi-

mately X =  IO ~~ and achieve a c o n s i s t e n t  mid po i nt of t h i s  s i t ’p  d rop .

Table 4. 1 inc ludes  the number of e ’igenvalue s above

I b i s  b e h a v i o r  of r e l a t i ve l y cons t an t  ‘& out t o  a po in t  fo l lowed  b y

an abrupt  d rop  has b ee -n  shown to be chara :t c r i s t i c  of i d e a l  c i r c u l a r l y

symnn i e t  n c  s y s t em s  tha t  ar h a n d l im it  ed and obse r y e  (1 ove r a c i r  1’- of

f i n i t e  r a d i u s  E 4 — 5 1  . In c o n s i d e r i n g  the  p r o n e  t i o n  s l i c e ’  t h e o r e m , we-

not e t hat the  F o u r i e r  t r a n s f o r m  of t h e  out put p r o j e c t  i on is  I l i e -  e-  n t  r a l

sec t  ion of t h e  F o u r ier  t r a n s f o r ni  of t i n -  o r i g i n a l  c r o s s  S C t  I o f l .

I he ’ re ’ f o r t ’  e - v t  n i de a l  p r oj  e’ct ion im a g u  r i g  ( u  • c • no  b l u r )  i s  ‘‘hand —

l i m i t e d ”  by i n c l u s i o n  of only M
r 

ha r m o n i c s , and I hus  I h i s  c - i  g e - n v a l u e

- - - -~~~~~~~- - -~~~~~~~~~~~~~ ‘ - - -~~~~~~ --~~~~~~~~~~~~~~~~~~~~~~ -‘ - -- ~~~- - - -~~“ - -- - --~~~~-~~~ -- -—
~~~
-
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t ehavior should come as no surprise . More will  be said about t h i s

band l i rn i t ing  process later .

In f i gu re s  4 .2 , 4.3 , and 4 .4 jt is ev ident  t ha t  i n cr e a s i n g

from ZM to 4M results in a si gni f icant  i nc r ea se , but not a doub l ing ,

in  ~ . This behavior  is born  out in t ab le 4 . 1, Also in t ab le  4 . 1c r it

the value ir
2
(M -l)

2
/4 is included with other parameters of interest .

Not e tha t the  number IT
2 

(M
r

_ l ) 2
/4 is in r e l a t ivel y good a g r e e m e n t

wi th  the value at which N doe s not si gn i f i c an t l y  i n c r e a s e  w i t hcrit

inc reas ing  M , and tha t  N is always less t h a n  t h e  m a x i m u me c rit

possible rank of Cr ’ 1. This  agreement  is re la ted t o  t h e  h a n d l i m i t i n g

ment ioned  be fore and can be explained by n ot i n g  t hat t h e  c o n t i n u o u s -

c o n t i n u o u s  idea l  p r o j e c t i o n  i m a g i n g  s y s t em  d e s c r i b e d  in S t e  l i on  4 , 1

w hen band- l imi ted  wi th  a one sided bandwidt h B and consi  rai i t ’d  t o

a ci rcular  input  region of radius  R , is a c i r c u la r ly  s y m m e t r i c -

ideal  i maging  syst e ’m tha t  is band l im i t ed  and o b s e r v e d ove r  a f i n i t e

area. Goni and Guattari r 4 _ 6 ]  have s hown t h a t  t h e  d e ’ m ~r , ’ e - s  of

f r eedom o f such a c o n t i n u o u s — c o n t i n u o u s  sySte ’m art ’  in  r e a s on a b l e ’

a g r e ement w i t h  t h e  Shannon number , w h i c h  fo r  a i r e  u l a r lv  S V  I i i ! ) , I T i c

S’, S t  ( ‘ T f l  of i—ad imus R and ha ne iwi  dt h j~ has  h i e -  c - n  s bio ’i  i i  t cc t o  R 1,

Iii our cas t  - i f  w - - c o n s i der  t h e  pup il t o has- ’ ’ Four  i~ - r ha i-in or e - s  no

hig her  I han  (N — ‘2 , c  n I  t a l c ’  R eq cia I to u n i t  v w’ - bn  ye  I )~~ ‘ 1 ‘ 11~~~ i ng

es t  i m n a t e ’  of t l . ~ - c~I e ’ g r c - e ’ s  of fr e edom or  N
I J I-

-~~~~ -~~~~~~~ ~~~—--- 
- 

~~~~~~~~~~~~~~~~~~ 
-



N DOF 

I T ( M - l )

Not e that  th is  e s tima te  of the  maximum number of e f f e c t i v el y  n o n z e r o

eigenvalues  of ET 1 is a func t ion  of M
r onl y and not M .  In tu i t ive ly

t his make s sense since increas ing  sample s in P more  dense ly  fill s

the ci rc le  of nonzero  f requency  component s of r ad ius  a~A -L’2 in

f requency  space and doe s not i n c r e a s e  i ts  possible area .  T his  is

exactly the situation in the continuous case for the c i r c u l a r l y

symmetric system where the accessib le Fourier area is a function

of the radial bandwidth B. More  r i g o r o u s l y ,  t h e  re s ult s of S e c ti o n  3

have shown tha t  for s u ff i c i e n t ly la rge  M~~, the  r e c t a n g u lar i n t e g r a t i o n

r ule implici t  in even sampl ing  provides  a G r a m i a n  whose  s p e c t r u m

approache s that  of t h e  c o n t i n u o u s- c on t i n u o u s  model of the  i dea l

pr o jec t io n ima g ing  sys tem whose a f o r e m e n t i o n e d  degrees  of f r e e d o m

are  independen t  of Ce ,

If M is  s p e c i f i e d , cons i d e - r i n g  t hat N - 
� N I ‘ NI we’ shouldr c r i t  r

cert airily not e xpect  an i n c r c - a s t -  in  r , const  r u c t  i on  p e r  f o r n a n ~ e i f

NI . i s  t a k en  m n u i  h g r e - a ~~e - r  t h a n  N , / N I  . 1 h i s  r e s u l t s i n  an  t ’ S l i m i i i t e -
- -  ) I ’  r

for  t h e  n u mb e r  0f pr o i e c t i o r e s  on .  e- ‘1 r i S  sp ’’ c i f i t i l  a s  f o l l o w s :

- 22 ~~Ti 1’
NI � —

4 M
r

w h i c h  for N) 
r 

suffi c i e ’ n l  lv large’ re ’duc -e ’ 5 t I )

I
_

c ~ 

~~~~~~~~~~~~~~~~~~~~~~ 
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4 . 3 Experimentally Determined Projec t ions

The previous section was devoted to investigating the degrees  of

freedom s t ruc tu re  provided by t he e igenvalue s p e c t r u m  of t he  gran-i-

ian of the imaging system. In thi s sect ion we tu rn  our a t t en t i on  t o  t he

actua l reconstruction algorit hm to es t imat e the  object  f ( r , ’M.

Shown in f igures  4 . 5, 4. 6 , and 4 . 7 are  pe rspec t ive  plots  of a

r econst ructed phantom for M r equaling 16 , 32 , and 64 . As before

multiple value s of M Ce are taken  for each N 1 .  The p hantom c o n si s t s

of t wo c i rcular  regions of dens i t y of 0. 1 and 0. 05 s u p e r i m p o s e d  on a

c i r c u lar back ground of d e n s i t y  0 , 1. The se r esult s we obtained wi th

t he al go r i thm of equat ion 4.I l ) wh er e  y is such tha t  the dynamic  rang e

of the  elemert s of the  diagonal  m a t r i x  + C ~I
2
I is ~~~ As

e x p e c t e d  f rom t h e  e ige ’nvalue  plot f o r  
~

1
r 

= i c ’ a n  i n c r e ase f r o m

M~ = ZM
r 

t o  N I = 4NI
r 

p r o d u c e ’s  a n  iin p r ov cm i een l in the reconstruction

while  an i n c r e a s e  f rom N ) = - +NI  t o  NI  = SM h am-i a far lesser
r r

e ff c ’cm as shown in - ‘i g .  4 , 5. U o w e v c - r , fo r  t h e  e a s e - s  e)f 
~

1
r 

e - q u a l i  ‘cc

~ and ‘4  t h e  r t ’ sp e ’ c - t i - ~-e ’  i n c r e a s e s  f r o m  ~I ~
‘ 2 ’- I l u  = 4 M

0 -C r

pr od ’s- ’-  l i t t i c  ot i . , a h l e ’  in l I , r o v e ’n - i e ’n t  • h i s  be h a v i o r  is not  pr - d i e t d

by e i c ” - n v a l m u e  p h i  s or NI ‘-q imali ng 32 , • 1~~d -1 , n or  s h o u l d  i t  h ) , ~,

l i t ’  S I  p 1 ot 5 i i  i - c  l i t  V p i e d  i - t  1 I c  ci p - r I ’  i i  i t  t c - - , i i~~ p t  • V, - i i  - n ’ i n

I ii ,- N c - o r ~st r i m c  t i o n  is  - m  I i ’  • • . in  of an i i i .  r ’- a s ed  n u mb e r  ci

— — — ~~~~~~~~~~~~~~~ - -~~ -
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pro jec t ions  given the  number of sample points  per p r o j e c t i o n .  For

the cases of M
r 

equal ing 32 and 64 t h e  full  ei genvalue  s p e ct r u m  of

the matrix 
~

‘] is probably not necessa ry to achieve a reasonable

r e c o n s t r u c t i o n  of th is  re la t ively s imple image . This fac t  is some-

what emp has ized  by t h e  result s of Figure 4.8 where  for  the  case

of M equaling 64 a very reasonable r e c o n s t r u c t i o n  is obta ined for

M 5 equaling 64 . In ana lyzing this  it should be cons idered  t h a t  in

these  experiment s M
r 

was speci f ied  a p r io r i  at 3 d i f f e r e n t  levels and

for  th is  simple phant om M
r 

equaling 32 and 64 probabl y i n d i c a t e s

radial  oversampling . This would seem to i n d i c a t e  t h a t  t h e  radial

sampling ra te  should he set to  re f lec t  the  hi ghes t  s p a t i a l  f r e q u e n c y

be lieved present  in the da ta .  Thus if M r is d e t e r m i n e d  in t h i s

manner  a more subs tan t i a l  improvement  in t h e  r e c o n s t r u c t i o n  sh ould

be evident  in i n c r e a s i n g  M f r o m  ZM to 4M , but in no case wil l  aP r

comparable i m p r o v e m e n t  be exh ib i t ed  by i n c r e a s i n g  NI 5 ~~i 4N1 t o

8N4
r

Figure 4,1) shows the r e c o n s t r u c t i o n  of a monkey ’s head w hich

was i r r a d i a t e d  by a G~~
53 

radioisot ope source , Hence N-I ~~ and

project ions  were  t ake n at 1 degree inc rement s f rom 0 to  360 deg ree s .

Subsets  of these pro jec t ions  were  t aken  to ob ta in  N )
5 

equa l ing  Z M
r e

4N1 , and 8M • In t h i s  case increasing N-I f rom 2M t o  4N 1 producesr r -- r r

an improvement  in the reconstruction while an i n c r e a s e  f rom 4M t o

_
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~- i \ )  produc e ’ s an  i m p r o v e m e n t  of a comparabl y l e s s e r  deg ree .

O b t a i n i n g  the  p r o j e c t i o n s  b y the  me thod  d e s c r i b e d  probabl y i n t r o d u c e d

some angu la r  e r r o r  and t h e  i m proveme nt of F ig .  4 . I ( over F i g .  4 . Pb

is  due more t o  t h e s e ’  e r r o r s  b e i n g  a v e r a ge d  t h a n  any  s i g n i f i c a n t  in-

c r e a s e  in i n fo r m al  ioa cont e nt .

4 . 4 Conc lus ions

This  c h a p t . -r  has a t t e m p t e d  t o  p r e s e n t  a g e n e r a l i z e d  degree  of

f reedom anal ys i s  for  i m a g i n g  s y s te m s  b y u t i l i z i n g  the  g ran- i i an  of

the  point  spread ~unct ion k e r n e l .  The g r a m i a n ’s e i g e n v alu e  sp e ct r u m

provides  an i n d i c a t i o n  of t he  DOF , and va r ious  s e n s o r  si gnal  t o  n o i s e

ratios and computational noise cons idera tion s  become us e ful para-

meters  in the  e igenvalue space . The gene r - ’  gr am i a n  approach

to i m ag i n g  was the n d i r e c t e d  to  the  spec i f i c imag i n g  g e o m e t r y  of

t r ansaxia l  tomographic p r o j e c t i o n s .  The a s s o c i a t e d  grarr .ian  was

shown to have’ considerable structure allowing computational savings

in ca lcu la t ion  of the eigen’~-aluc’ spectrum . These c o m p u ta t i o n a l

sav in gs u t i l i zed  a fast  Four ie r  r o u t i n e  to reduce  the g r a m n i a n  t o  a

block diagonal fo rm . ‘T his block d iagona l  fo rm was t h e n  f u r t h e r

reduced b y p e r f o r m i n g  a s e r i e s  of lower d i m e n s i o n a l  s ingu la r va lue

deco mposit  ions r e s u l t i n g  in d i agona l i z a t i on  p rocedures  to  handle ’

extremely large s ized gr a m i a n s . This  linear algebraic approach

also provided ~ u seful  r e c o n st  ruct  ion a l g o r it h m  for o b t a i n i n g  

- -_ _ _ _ _ _ _ _ _
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estimates of the original object from the projection data.

Experimental verification of the analytic work was t he rm d e ve l op e d

b y computa t ional  p rocedu re s  on nine - ’-
~i f fe  r en t  s i zed  g r a m i a n s  for

d i f f e r en t  p r oj e c t i o n  i m ag i n g  sampling  g e o m e t r i e s. The computational

eigenvalue spectra  so obta ined agreed  qu i t e  well w i t h  t he  t h e o r e t i c a l

predic t ions  and also demons t ra t ed  some addi t iona l  s t r uc t u r e  in t he

imaging sys tem inherent  in circular  imag ing .  The d eg r e e s  of free-

dom w e r e  qui te  eas i ly obtained fr om t h e  e igenvalue s , A c r i t i c a l

numbe r of e igenvalue s was cons i s ten t ly o b s e r ved  and in r e t r o sp e c t

t h i s  number ag reed  qui t e  well  w i t h  t h e  i n h e r e n t  b a n d l i r n i c  of S U e  -S

systems whe n analyzed f r om a c o n t i n u ou s - c o n t i n u o u s  i ma g i n g  model .

Finally, the r e c o n s t r u c t i o n  algo r it hm , w h i c h  i n h e r e n tly  m a k e s

use of the g r a m i a n  dat a , was e x e r c i s e d  for  o b t a i n i ng  e s t i m a t e s  of

t he original  object s f rom t h e i r  p r o j e c t i o n  da t a .  A g a i n  ex p e r i i m -eecc ’ a l

cons i s t ency  provided added c o n f i r ma t i o n  of t h e  r e s u l t s fr o m  t h e

gramian anal y s is . Essen t i a l ly t h e  v i sual  quali t y of t h e  p i c t o r i a l

r econst ruc t ions  agreed  qu i t e  well w i t h  the  p r e d i c t e d  b e h a v i o r  based

upon the  d e g r e e  of f reedom a n a l y s i s .

6?
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Figure 4. 9(a) . Monkey ’s Head Reconst ruct ion with Mr 32 , M~ = 64.
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Figure 4. 9(b) .  Monkey ’s Head Recons t ruc t ion  with  M r = 32 , M 0= 128 .
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Figure 4 .9 (c) .  Monkey ’s Head Recons t ruc t ion  wi th  Mr = 32 , M~ = 2 56 .
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Cha pter 5

THE DEGREES OF FREEDOM OF SAMPLED IMAGE

5. 1 Introduction

In the preceding chapter the number of effect ively nonzero

elgenvalues of the gram matrix has been used to character ize  the

degrees of freedom of a sampled image when viewed as the out put of

a linear imaging system. Howeve r , diffi culties arise if the image is

considered as an entit y to itself as in the coding problem. While it

is reasonable in the discussion of sampled images to  assume that

we are dealing with bandlimited scene s sampled at least at the

respective Nyquist rates along the x and y di rec t ions  in the output

paine , we will thus assume tha t every image is the output of a linear

imaging system, namely the ideal low pass spatial f i l ter  whose

Fourier t r ans fo rmH(u , v) is as follows:

H(u , v) = Rect (~~~— )  Re ct (~~~
_ ’

~

where

( 1 ixl~~Rect (x)

~ 0 otherwise

B and B are the one-sided bandwidths in the x and y direct ions .x y

The system weighting function is the n given b y
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h(x ,y ; ’, ‘
~~~ 

~~~~ ~~~~~~~~~~~~~~~~ 
S~ f l C (ZB

y
(Y _ ~i ) )

whe r e
si n(Trx )s lnc (x)  = rrx

While this assumption is cer ta inly reasonable it leads to trivial

result s as will now be shown .

We can consider the bandlimited image f(x , y ) under consi der ation

to be related to some othe r non- .bandlirn ited image f ’ ( ’ , 1~) th roug h the

ideal bandpass filter h(x , y;~~, T)) as follows

f(x , y) = ~~ 2B sinc(2B (x-~~)gB sinc(2B (y_ ~~)) f ’(~~, ~ )d~ d~ (5-1)

which results in the following continuous-discrete representation

f(x~. ~~ = 2B sine(ZB
~~

(x
~

_
~~))2B~ sin c(2B (y. -~~~ ’(~ , ~ )d~ d~

Note tla t the kernel of Eq. (5-1) separates implying tha t [Fl =

defi ning

trl~’~ =

= ~~(2) ~~~

(1) (2)y . and y are as follows1, 3  rn , n

= 4B
2 f sinc(2B (x . -~~)$inc(2B (x . _ F ) ) d F i ,j  = 1, . .  . , N1,3 X Z i X 3 X

= 4B~ ,f sinc(ZB
y Ym

_
~~~ inc 2B

y Yn
_ 1

~n1 m , n = 1, 2 , .. . , N
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Working with ~~J
( l )  

if we let e = x. -~~, it can be shown that is

given by the following convolution:

(1 ) 
= 4B

2 $ sinc(ZB (x . -x .-e~ )sj nc(2B 0)d B
1,3 X 

—
~~~ X 1 3 X

= 2B sinc(ZB (x . -x .) )
X X i  3

Note that

2B if x = x .
( 1) X 1 3

- x. -x.
o if ZB 

1, 2 , . ..

and

2B if y y
(2) _ y m n

~T’m, n y -y
o if ZB = 1, 2 ,. . .

Thus we see that sampling at the respective Nyquist rates along x and

y produces a gramian that is an N . N  square matrix that is diagonal

as follow s

trj = 4BxBy • ~~~ xN ~~ xN
X X  y y

= 4 B B [ I’~ .N x N .N
x y x y

where [Il.
~~N is an NxN identi ty matrix.

This is a l i t t le  less than sa t i s fac to ry  for another reason ,

namely that to obtain thi s full rank diagonal gram m a t r i x  we must
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I
sample at the respective Nyquist rates everywhere along x and y.

Since images are rarely s tat ionary,  the frequency content of the

image is not constant over the entire region upon which the image is

defined which would intuitivel y suggest that we are oversampling

unless the frequency content of the image is spatially invari ant .

Thus to define the degrees of freedom for an image of this  type

another approach is necessary. One such approach is to apply the

singular value decomposition (SVD) algorithm [5-11 to the sampled
image matrix whereupon the number of degrees of freedom can be

equated with the number of effectively non-zero singular values with

additional parameters needed to describe the singular vectors .

This method deals with a sampled version of the image only and

in such a way that the degrees of freedom are affected by t he  samp ling

method used and can result in misleading result s . This is readily

apparent b y considering an image f(x ,y )  that can be w r i t t e n  as the

product of two functions f 1(x) and f2 (x) as f(x , y) = f 1 ( x ) . f 2 (y ) .  If t h i s

image is sampled on a Cartesian grid (x ., 
~ k~’ 

j = 1 , 2 , . . . , N , k = 1, 2 ,

N , then  the  image matr ix  can be wr i t t en  as the  outer  product

of t he  two vec tors  If1 (x 1 ). . . f 1 (xN ) ]  and [12 (y
1 ) . .  

~2~~~
’
N~~

1 ari d w i l l  be

a rank one ma t r ix  for all such separable image s f . t h i s r ep r e s ’n t s ,

at most , 2N degrees  of f reedom . Again t he  point  t o  he made is t h a t

he degrees  of f reedom should be a ch a r a c t e r i s t  i of t h ~ on ~in ~i1

L ________________ 
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image and reflected in the sampled image only by our inability to

collect an uncountably infinite number of samples for application on

a computer.

Thi s brings up some concept ual difficulties since the number of

degrees of freedom of a function defined on a continuum is countably

infinite at best , viz ., the space of all square integrable functions on

[o, i~ wherein any function can be expressed in a L2 sense by a

countably infinit e expansion of any orthonorrnal basis functions that

span the space. Thus we need to determine in what sense a class of

functions defined on the unit rectangle, ~ [x , y;-l ~x, y � 1) are

finitely representable. It is to this end to which approximation

theory is directed.

5.2 Degrees of Freedom and Shannon’s Sampling Formula

Before proceeding further a few words considering bandlimited

functions are in order since Shannon’s sampling theorem provides a

method to relate the original function to its sampled version and , to

some extent , the ability to finitely represent the image when it is

available only over the rectangle ,ç’= fx,y: x~~ X/2, Jy~~
� V/fl. In

this case the image f(x , y) is given in t e rms  of i ts samp les taken  at

the respective Nyquist ra tes  along x and y as follows:
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f(x , y) = ur n  ~~~ f(~~~~ 
,
~~) sinc(Z B (x -

N 4~~ i=-N y - N  x y xx x yN -+~~~

. s inc(2B ( y _~~~~~)) ( 5-2)

Here B and B are the respective bandwidths in the x and yX y

dire ctions . Equation (5-2)  involve s infinite sums and in any practical

situation an image f(x , y) is taken to be non-zero only ove r the

rectangle , .~‘, so tha t N = B,~X and N~ B~Y result s in 4B XXB yY

samples of f(x , y) for application in (5-2) .  Then f ini te  term Shannon

interpolation becomes an approximation problem with the L2 e r ror

given by:

[~i~ >N Ii
~~~~ Y 

k~~~)I]
which is dependent upon the rate at which I~ — ’ ~ 2

outside ç~’.

The results of an earlier portion of this sect ion concerning the

gram matrix of the bandl imi t in g  ope rator are i n t e r e s t i n g  in th is

context , in that the y indicat e that samp ling at the r e spec t ive  Nyquis t

rates  along the x and y d i r ec t ions  wi l l  produce a diagonal  gramiar - i  of

consta nt ent r ies  whose d imens ion  wi l l  h~’ 4fl XFi V .  1ncr ~-a s in g  the
X y

numbe r of samp les beyond th i s  point  wil l  f r -  t h ~ g ram m a t r i x to

con t a i n  n o n - z e r o  off d iagonal  t e r m s  imply ing  tn  in c r e ;t s ~- c1

-— —- ---- - - — -- . -.- ~~~~~~~ -~~~~~~— --~—-— -- —-- .- —-----~
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co r re la t ion  be tween  samples . Since t his gram mat rix  is tha t  of a

band limited opera tor  observed ove r a fi ni te area , i nc reas in g the

number of samples suff ic ient ly  will  produce a gramian eigenvalue map

similar t o  that of the continuous-continuous operator--namely one

t hat is constant out t. - a point , not s igni f icantly  greater  than 4BXXB Y ,

with an abrupt drop beyond that point. Thus we can consider that

there  could be approximately 4B,~XB V independent samp les of f(x , y )

in k’ .

In reali ty Shannon ’s samp ling theorem provides a method of

bridging the gap between the continuous and discre te  for bandlimited

images by providing a reconstruc t ion  method involving uniformly

spaced samp les over k’ . Howeve r , by considering the problem in a

more general approach it may be poss ible t o de fi ne ot her adapt ive

and possibly more efficient approximation methods .

In this light consider that the spatial frequency content  of most

images is not constant over the entire image and the possibility exists

that if the rectangle k’ is broken up into 2 sets and such that

~~
= 

~~l ~~~ then the portions of f(x , y )  defined over and can be

considered sections of a bandlimited image wi th  x and y bandwidths

~~~~~ B~
2
~ and B W , B

(Z)  
in each of these regions . B y way ofx x y y

example consider~~1 = {x, y :  -XJZ � x�0 , ly l< V/ f l ,

[x,y: 0 � x �X/2 , 
~~ 

� V/f l .  The n f(x ,y )  need be sampled only at

the respective Nyquist  ra tes  in each of these regiona . 
92
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For and ~~ respectively we obtain N 11
~ N 2B~

’
~X B Y  and

N~
2
~N 2B~

2
~XB V so that the approximate number of indepe ndentx y x y

samples is 2XYB (B~~~+B~
2
~). Now eithe r B~

’
~ � B or B~

2
~ �B Soy x x X x x x

that it follows that the number of independent samples is  less  t han or

equal to  4B X B V .  This heurist ic  argument is presented to  mot ivate

the question of why should an image be sampled ove r i ts  en t i r e

domain of definition at a Nyquist rate dependent on a bandwidth that

may be relevant to only a small region . A similar idea will be

presented in the next chapter for bicubic splines .

In summary then the elgenvalue map of the bandlimited gram

matrix gives an uppe r bound to the number of independent samples

available and a subsectionIng of the image represents a low order

attempt at reducing thi s uppe r bound - -hopefully at an acceptable e r ro r .

5. 3 The Degrees of Freedom Viewed as an Approximation Proble m

In character iz ing the degrees of freedom of an image as an

approximation problem we are confronted with two quest ion s , name ly :

1) to what extent is f(x , y )  finitely representable , and 2) the  determin-

• a t ion of the f in i te  representat ion from a sampled version of f(x , y ) .

In dealing with these questions we will take f(x , y )  to be an ele -

ment of a metr ic  space W with metric d~~. For example , t h i s  could

be the space L
2

(~~) where ~~ [x ,y :  -1�x , y �1~ , if we do not dis-

t inguish functions that diffe r only on a set of measure zero.  Consider
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t hen the following general ized b i v a r i a t e  po lynomial  approximat ion

sc heme

N Nx
f(x , y )  = 

~~ a9 .(x)L .( x )~~~d~ N =N .N

with the propert y that if we have any othe r approximation scheme

where
N N

= a .. L . (x )L .( y)

that

dw (f ,d~ ) � d~~ (f ,~~~ )

Then is a best approximating generalized polynomial in the me tr i c

dw . We also require that d~ -+ f(x , y )  as N 4~~~ so that for every c > 0 ,

there exists an N( c , L, dw ) (in general dependent on the set [L )  and the

metric dw ) such that N
xN

y > N (€
~ L , d

~~
) implies that d W (f ,J~~

) <
~~~

Thus we could define the degrees of freedom of f at level

epsilon, or more succinctl y the epsilon degree s of freedom , DOF

(d W , e ) ,  as

DOF(d w, c)  = inf (N(e , L, dw ): dw (f ,d~
) < CI

Here the infimum is take n ove r all approximating func tions  not equal

to f to  avoid the tr ivial  case of DOF(d w,  e ) equal ing 1 , ( the approxi-

• mating function being f i t se l f ) .
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IIn gene ra l , t h i s  is a di f f i c u l t  p rob lem since for ~-ach set of

f u n c t i o n s  { £ 1 ix )  v ) . . . ~~ ( x ) L ~ (y ) I  we must find a bes t  approxi-
~~x 

~~ym a t i ng  b ivar ia te  g e n e r a l i z e d  polynomial  ( i f  it  e xi st a ~ and t h e n

d e t e r m i n e  the set of func t ions  m i n i m i z i n g  N N . T hus we are
x y

conce rned with the existence of a bes t  approximat ion in add i t ion  to

i t s  d e t e r m i na t i o n .

Howeve r , i f we consider  a one dimensional  case where N is

ta ken t o  be the space of bandlimited L
2 func t ions  observed over a

f in i te  interval  of the real line , t he d i s ta n c e  dw bein g t he L2 m e t r i c , —

the result is known. Here for every ~ >O the i n f N ( c , £ , dw ) was

found b y Landau and Pollak [5_ 2 J  to be achieved by the func t ions  IQf l

which  are re lated to the prolate spheroidal waveforms , as f i r st

described by Slepian and Pollak [5-31. While this is known , the

det e rmina t ion  and u t i l iza t ion  of these  waveforms for la rge  space

bandwi dt h product s has met wi th  lit t le success , Most l ike l y t hen t o

a r r iv e  at any s i g n i f i c a n t  r e su l t s i n  t w o  d i m e n s i o n s , we w i l l  have t o

r e s t r i c t  the ~e a r ch  to  t h o s e  s e t s  of f u n c t i o n s  tha t  a rc  c om p u t at i on a l l y

f - ~~si~~lc and pos~u s s  the  app r ox ’m ;i~ i n g  p rope r t  i t - S  r e q u i re d .

In the cont t xl of a d i g i t a l  compute r  the a c t u a l  fun c t ions  available

are th o s e  that can be ob ta ined  by f i n i t e  sums  and products . T hus

u lt i ma te ly  all f u n c t i o n s  must be r edw- ed  t o  t h o s t  t h a t  can t~~t h e n  be

gene ra t ed  by r ec ur sior s  or b y I r l l n ( - l l  ed t i d  s h i f t e d  p o l y n o m i a l s  . So

1)5
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a restriction of the search of functions to polynomial splines would

seem to be reasonable.

Polynomial splines are chosen due to their approximation

properties and the fact that they possess a basis namely, the

normalized B-spline basis, that provides a local basis property thus

allowing a rapid generation with the matrices involved in generating

a B-spline fit to a function f being well conditioned. With DeBoor ’s

algorithm for computations using normalized B-splines t~-~l no

difficulties are encountered in handling multiple order knots . Here-

after we will consider a sp line Sk , N N 
of the orde r k wit h (the degree

x y
being equal to k - l )  N and N knots in the x and y directions respec-

tively, to be of the following form:

N N

Sk N N (X , ~ ) S1 ~~~ ~~~~~~~~ k~21’~~ 
f(x , y)

where N~ ~~~ 
are the normalized B splines of order k satisfying the

following recursion relat ionship over the knot sets {~~ , F~~, . • • ,  ~~ 1

and l’~~2’~~”’~~N 1 [5-41.

= 

x-F~ 
N

~~ k l
( ;x) + 

i+~~~~ N
~+ l k l

(
~~

;x)
t+k 1+1

1 xc [? . ,  i- ~ l~
N . (~~~x) =

~, 1
0 ot h e r w i s e

and

4 1

L .. 
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N . k~~ ”~ 
1 yxe 

‘ Ni=l

These functions are discussed in Appendix A.

For the duration of this chapter we will consider f(x , y)e L2 (~~)

with the distance being the L2 metric.  Thus for any x and y knot s

Sets [~~~.. • N 1 and ~n 1, . . ~i~~~~I the matr ix [s1 ~
1 of coef f ic ien ts

minimizing the L2 e r ror  for a particula r set of x and y knots is give n

by the solution to the following matrix representat ion of the norma l

equations :

[r 1~~~N [Sh IN xN ~~~~~~~~~ ~f N~ (~ ;x)N~~~~;y)f(x,y)dxdyx y x y x y E (5 3)

where N k
(!;x) and N k (

~~
;y) are respectively the N and N column

vectors of the normalized B-spline basic functions and

=

[F]~~ =

where

I N . (~~;x)N . (~~;x )dx

= f N
i : (:;Y)Nj :~~

;Y
~
dv

Thus findin~: the 1 o s~ a p p r o x i m a t i o n  t o  f(x , y) ove r he x and y knots

S I t  S can  - S at  t ’ (1 ~‘ S foil iw S

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  • - --- - -~~~~~ --- -
~~~~~~--- -•



Minimize : [II I f(x , 
~~ 

- 5
k, N N (x, y)l

2dxd
y] 

~

over all poss ible x a nd y knot vectors f~~1,...,~ 1’
subject to

k . I � 1  Vi =
1. X

= 1,

Thi s is nothing more than nonlinear minimizat ion ove r the possible

knot sets in 
~~
‘
, the solution of which has been shown to exist by Rice

[5-5].

Thus specif ying an er ror  C , we can find the epsilon degrees of

freedom by a sequence of minimizations decreasing the number of

knots in the x and y directions until we reach a point at which the

error  will be exceeded with any fur ther  r e s t r i c t i on  in the number of

knot s.

For this to ma ke sense we must be assured that for every c > 0

there  exists N and N such that
x y

f(x , y)  - Sk N N (x , y)~ 2 < C
x y

and that a minimum ove n the knot sets ex is t s . A d d r e s s i n g  t h i s  con-

vergence  problem Schult z [5-61 has shown fo r  k 4 t hat

_ _ _ _ _ _ _ _  - ~~~~~~~~~ . -~~~~~~- • -  —~~~~~~~~~~~~~~~~~~~~~~~~~~~ . --- -—-~~~~~~~~-— ~~~
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I f (x , y) - SN N

(x , y)~ 2 
� (Q~ )

4 

~~ 
f(x, y)~ + f(x,

+ f(x , y)~ ~

where 
~~~

= rnax [max( E . +1
_ ?

j ) , max (
~~ +i

_l1
~

) I .  T hus t a k i n g N

N � — we have as N , N -.~~~ such tha t  ~T — ’ 0 the b icubic  spline
y — x y

approximation will converge to f(x, yt in an L2 
sense over the unit

rectangle ~
‘ .

5.4 Computational Considera t ions  and Conclusions

Heretofore the concern has been the ex istence  of a solut ion to

the problem of f inding DOF(d we )  of an image on the unit rectangle .

While a solution exists in the form of a sequence of be st approxi -.

mating splines with a successively decreas ing  number of knot s , t h is

requires the solution of a nonlinear minimization at each step. For

approximations of the form of (5 -3 )  involving even a modest number

of knots this is computationally infeasible . Furthermore s ince  we

are dealing with a computer , the r ig ht side of ( 5 - 3 )  must be cal-

culated using numer ica l  quadrature  and thi s involve s only an

approximat ion . Thus we mus t s e t t l e  for a p r o c e d u r e  t h a t  p r o v i d e s

an  a p p r o x i m at  ion  wit h a good , i f  riot opl im a l , knot  p l a c en o nt . In

t h e  n e X t chapter oome nur n ( r i ( a I  r e s u l t s j t i v o 1 j n~ h t u h i c  sp l i i t -

ap p r ox ir n a t  4118 i i  s i m u l a t e d  and a n a l  i n i i c ’  s wil l be e i ’ ’ n . It w i l l

(I (1

L... . ——•-~- -- • -•.•—-- -— •• ---- --••-.-.- -—~——.-•— .-- - —--- -.-----—- -—.-.- - - ——-- — ~~_ —••—-- - •.——-— -- • • —  ~~
• 

.

~~~

r-•.-

~~~~~
----—--- --



be shown that there exist relatively simple methods for placing the

knots that provide much bet ter  approximations than a bicub ic sp line

wit h uniformly placed knot s.
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Chapter 6

EXPERIMENTAL RESULT S FOR SPLINE APPROXIMATION

6 . 1 Introduction

The purpose of this chapter is to present some numerical

result s concerning the “epsilon degrees of freedom ” conce pts devel-

oped in the preceding chapter. This was developed as an approxi-

mation problem whose solution was seen to involve the determinat ion

of a sequence of best approximating (in an La sense)  B-splines wi th

variable knots. While the determination at each step of such a best

approximating spline is simply a nonlinear minimizat ion problem

ove r the knots defining the spline , it is computationally infeasible .

Thus we must follow DeBoor [ 6_ i ]  and settle for spline approxima-

tions wit h good if not optimal knot placement s . In what follows, two

easily implemented methods for placing the knots will be given that

can result in a significant error reduction over the uniform knot case

for the proper class of images.

The results in this chapter wiU be developed using cubic splines

givi~ g the following fourth order spline approxi mation f(x , y )

t(x , y )  = S..N.4 (P ;x)N . 4 (~ ;y) 
~ 
5
4,N ,N 

(x,y) (6-1)

• _ 
t=l j=l x y

101
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where  ~ and ~
“ are  t he kn ot v e c t o r s  in t he x and y d ir ~- c I i o n s respe c-

t ively. The spline coef f i c ien t s , S . we re obta in t d b y solvi ie the

following sys tem of equations :

N N

f(X
Lt Y m ) = 

~~~~ 
Sj j N j 4 (

~~;x1N j 4
( ; Y m

)

f o r L = 1 , 2 , , . . , N a n d m l , Z , ... , N. In matr ix nota t ion th i s

becomes

[f( x
L t 

~m~
1N xN 

= IN1 4
(~~ X

~~~~xN y
tSi j INxxN y

INj t  4 (2’ 
~ m~~ N X N

( 6 - 2 )

where ~ 1
T indicates matrix transpose . To simplify notation let

[f(x ,y )] = [F]

= [N
i 4 ~~, x L)I

=

equation (6-2~ becomes

[F] = [N~~~~~~[S..]  rN
1

Since N >N  and N >N  in general  equation ( 6 -2 )  cannot be solved

exactly.  Howeve r the spline coeff ic ient s m i n i m i z i n g  the  no rma l i zed

least squares e r ror  C given by
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N N 2 
(6 -3 )

?~ m~~1 
~~~~~~~~~~

can be obtained by taking [s . .] to be

[S..] = [[N [N ] ‘
E~~~~~ 

IF] 
(~~)T (~~)T~~~~~ ) l

(6- 4)

6.2 Knot Placement from Projections

In this section we investigated the possibility of placing the

knots for the x and y knot vectors from the project ions of f(x , y )  along

the y and x directions respectively . To do this we borrowed an idea

suggested by DeBoor [6-1], wherein he suggested placing the i+1~~-

knot with respect to the i~~ knot for a k~~ order spline according 
to

the following

1+1 
~f

(k)
( ) l

l / k d = constant

where f (k)
() indicates the k

th 
derivative of f(x). To determine the x

knot set for a bicubic spline fit the knot s were such that

SF 1~~~~~~~ 1 
f ( c .Y )d Y

I~~~~ 
cons tant  ( 6 5 }
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I
-l he y knot Set  is ob ta ine d in a s imi l a r  m a n ner . No t  & that if f (x , y )

~an  be w r i t t e n  as f ) x , v i  f 1(x ) .  f 2 ( v )  t h e n  equa t ion  ( 6 - 4 )  can  be

w r i t t e n  as

4 -‘ 1 -
~

~~~ 
~~-__~~ f~~(X)~~~~J’ f 2 ( y)d y~ dx = cons tan t

-.1

and we have that

4 ~1~
r j + l  ~ const a ntdx =

f2(y)d y

It is reasonable to expect t hat thi s method of placing the knots would

be qu i t e  ef fec t ive  for image s that  are e i the r  separable or exhibi t  a

h ig h degree of separabi l i ty ,  and not so effe ctive for  images that  do

not . 1 his point is i l lus t ra ted  for t he  following experime nt s involving

two images--one an ana ly t ic  image  c o n s i s t i n g  of a Gauss i an  pulse

with standard deviation equaling 0 . 1 arid the o ther  cons i s t i ng  of an

actual image of an armored personnel  c a r r i e r  (APC ) . For each

experime nt N was taken to be l2 (~ so t hat the effect s of the quadrature

er r o r  mp l~ ci t  in  the residual of equation ((— ~~) and the computations in

e q u a t i o n  ( 6 - 4 )  should  not be a si g n i f i c a n t  f a c t o r  i n  e v a l u a t i ng  t h e

result s.

~1 he results for a h i cub i c  spline fi t  to  the  G a u s s i a n  pu lse w i t h

10 knots placed by the p ro jec t ion  method are show n in  fi gure (~~. 1 .
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Also shown are the results obtained with 10 and 20 knots placed

uniformly, the ori ginal image, and the knot placements for 10 knots

placed uniformly and by the projection method . The corresponding

mean square errors are tabulated in table 6. 1. Note that visually

the results of 10 knots placed according to this projection method are

as good as of 20 knots placed uniformly and are far better than those

obtained by pla cing 10 knots uniformly. From the results of table 6. 1

it is clear that placing 10 knots in the x and y directions by the

projection method is better than placing them uniformly even up to

the situation employing 20 knots .

Figure 6. 2 shows the results of a bicubic sp line approximation

to an actual image of an APC for 40 uniform knots in each direct ion

and for 40 knot s placed by the projection method. Also shown are

the corresponding knot placements in each dire ction for both cases .

Figure 6.3 is the original. Here the results indicate that the

projection method is not so good as the uniform method. This is

evident in table 6.2 where the projection method result s in an error

that is an order of magnitude grea ter  than that obtained in the un i form

knot case.

While these results  show that the  prope r placement of the knots

can result in a significant error improvement in the approxi mat ion  of

separable images, another method must be employed for those images

that are not separable.
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6. 3 Spline Approximations by Subsectioning

In this  section the possibility of subsect ioning the image and

using different knot densities in each of the subsections is investi-

gated. This method might provide frui t fu l result s whe n one considers

an L2 e r ro r  bound given by Schult z [6-2] for cubic splines . Recall ing

that the e r ro r  is given by the L2 norm , ~~. ~ of the difference between

the function and its approximation, this bound is given by

� 4 (
~~

)
~4 {
~ 

-
~~--~~ f(x, y)~ + ~~~~~~~~~~~~ 

—
~~
-

~~~ f(x, y)~
2 ~x~~~ y 2

+ 
~~~~~~~~~ 

f (x , ~~~~ 

~
} ( 6 - 6 )

where

= max [max(~~. 1
_ Fl,  max(’fl. 1-~f l . ) )  ( 6-7)

From the discussion of Chapter  5 concerning local bandwidt h and

Shannon sampling it follows that i f the image de r ivati ve ene r gy is

large only over a small region, then using a uniform knot bicubic

spline with knot mesh widt h equaling ~ give n by equa t ion  (6 -7 )  should

result in an overly good approximation of the image in those  r eg ions

whe re the i mage d e r ivat ive ene rg y is low . Thus we should be able

to obtain reasonable result s by employing a different b icub ie  spl inc

wi th  un i fo rmly  spaced knot s in each s u b s e c t i o n , t he knot  d e n s i t y  ii i

eac h s u b s e c t i o n  be ing  p ropor t iona l  t o  t h e  value of

I Oc
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f(x , y)~ + ~~~~~~~~~ -

~~
—

~~ f(x , y)~ + fl_JàL~. f(x ,
2 ~ X ~ y 2 ~Y 2

in that subsection .

This approach was taken for the APC of figure 6. 3. The image

was partitioned int o 64 square sections and the derivative energy in

each section was calculated by central differencing .  Figure 6. 4

shows the re sult s for this method along with  the associated knot

density.  It can be seen that this  associated knot densi ty  is hig hest in

the region containing the insignia and lowest in the sand y regions

surrounding the vehicle . The br ig ht lines at the subsection boundaries

• indicate a fourth order knot at the boundary, and note that the regions

containing the minimum number of knots have x and y knot vectors

consisting of two fourth order knots each at the subsection boundary.

As noted in Appendix A this corresponds to a bivariate cubic poiy-

nornial approximation in each such subsection.

Table 6.3 lists the number of parameters necessary to re-

• construct the image, the reconst ruct ion  e r ro r , the data reduct ion

• ra t io for the uniform knot case , the pro jec t ion  placement case , and

the sub part i t ion ing  case. Not e that  the e r ro r  is lowest for the sub-

partitioning case and t ha t it pr ovides  the best reconstruction .

To furthe r explore the sub p a r t i t i o n i n g  method a ser ies  of

bicubic approximations involving image subsec t ions  of d i f f e r e n t  s i ze s
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was run on the APC image , an aer ia l  r e conna i s ance  image and an

image of Los Angele s Inte rna t iona l  Ai rpor t  (LAX) .  For t h i s  ser ies

t he image dimension N was t aken  to be 256 and t h r e e  subsec t i on  s izes

of 32 x 32 , 16 x 16 , and 8 x 8 pixels were  used for  bot h images . For

eac h subpart it ion s ize  th ree  knot d e n s i t y ranges were employed . In

a ll cases the maximum knot dens i t y is t a k e n  to  be such that t h e

mat rices of normalized B-sp li ne s in equat ion ( 6 - 4 )  are n o n s i n g u l a r

thus resul t ing in the image being in t e rpo la t ed  in at least one sub-

sect ion.  The lowe st knot d e n s i t y  in eac h subpart i t  ion se quence was

taken to be t hat corresponding to  a four th  order  knot placed at each

of the subregion boundaries  for  the  x ari d y knot ve c tors  r e s p e c t i v e ly.

The number of knots was the n inc reased  b y ra i s ing  the min imum

number of knots employed. The resul ts  for the  APC image along

with the associated knot densi t ies  for subpart i t ions of s ize 32 ~ 32 ,

16 x 16 and 8 x 8 are shown in f igures  6 .5 , 6 .6 , and 6 .7  respec t ive ly.

• Figure 6 .8 iS the or iginal .  Here the  four th  orde r knots  at the sub -

• pa rt i t ion  boundaries  are  not d isp layed for a e s t h e t i c  purposes . N o t e

t hat all of the approximations are  qu i t e  good and tha t  t he  knot

de ns i t i e s  are quit e adaptive for each  sub part i t i o n  s ize . The

corresponding er r o r , da ta  r e d u c t i o n  r a t i o , and number  of para-

meters necessary for t h e  b i c u h i c  sp l ine  a p p rox i m at  ion  a re  l i s t e d  i n

t able 6.4. Not e that the error for t h e  l~ v ase  c o r r e s po n d i n g  t o

I 08

~~--~~~~~~



_ _ _ _  _ • 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - 

~~~~~
-

~~~~~~~~~
-
~~~~~~~~~

• 
~~~~~~

- - •

t h e  data r e d u c t i o n  ra t io  of 5.62:1 is lower than  t he  e r ro r  for  the

16 x 16 case for the  5. 3 1:1 data reduct ion  ra t io . Thi s would seem to

indicat e that for low e r ro r  le ve ls the 32 x 32 p a r t i t i o n  size is b e t t e r

than the  16 x 16 sized par t it ion  which i tself  is be t te r  than the 8 x 8

case .

Th is same seque n ce was obtained f or t he r econ naisa n ce i mage

and the result s along with the corresponding knot density patterns

are shown in figures 6.9, 6.10, and 6.11 for the 32 x 3 2 , 16 x 16 , and

8 x 8 cases respectively. Figure 6. 12 is the original. Table 6. 5

l ists the relevant e r r o rs  and corresponding parameters  as for the

APC. Note again t hat the  best r e c o n s t r u ct i o n  for the 32 x 32 case is

at a lower error t han the 16 ,~ 16 case, and at a hig her corresponding

data reduction ratio.  This wou ld ag ain  seem to ind ica te  t hat f or low

error levels the 32 x 32 sized part ition is better than the 16 x 16

pa r t it ion .

The sequence for the image of LAX is con ta ined  in fi gures 6 . 13 ,

6.14, and 6. 15. Figure 6.16 is the original. Note here t hat while

~he errors are relat i vely hig h the result s are  qui te  good visual ly

and that the knot s serve fairly well in locating the areas containing

t h e  a ir ’. r a f t . Not e also that  the  best  r e su l t s occur  for  t h e  t~ 8

sub part  i t i o n i n g  ease . Thi s is most l ike ly  due t o  t h e  r e l a t i v e l y  small

S iz e  of t he  i t e m s  of i n t e r e s t  - in t h i s  case t h e  a i r c r a f t .

1 ()
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6.4 Summary  and Conclusions

In t h i s  chapter  the  a t t empt has been to d e m o n s t ra t e  t h e  u t i l i t y

of var iable  knot splines in a ch i e v i n g  a data r educ t ion  and quant i f v i n t ~

t he degrees  of f reedom of sample images by the number of variable

knot b icubic  spline s necessa ry  to  approximate a pa r t i cu l a r image  at

an e r ro r  leve l epsilon . Considerable success  was achieved for an

ana lytical  image cons is ting  of a Gaussian pulse with = 0 . 1. Here

10 knot s , eac h in the x and y directions were placed by an al g o r i t h m

dependent on the 4
th 

partials of the projections and provided an error

reduction of three orders of magnitude ove r the situation where each

of the knot sets were uniformly spaced in the x and y dire t i o n s . be

error was such that 10 knot s placed in the above manner provided an

er ror  lower than  tha t  achieved b y p lac ing  20 k n o t s u n i f o r n - ilv in  t h e  x

and y d i r e c t i o n s . Thi s method  was not v e r y  s uc c e s s fu l  for  t h e  •\ I  C

• ima ge due to  t he  l ack  of any  s ep a r a b i l i ty  ch a r a c t e r i s t i c s . I l o w t v er

by s u b se c t i o n i n g  the image and e mp l o y i n g  a differ ent ~p1i ne approxi -

mat ion  in  each su b s e c t i o n  whose  knot  d e n s i t y  was  d ep e  dc ~it o’~ t h e

d e r i v a t i v e  e n e rg y  in t hat r e g i o n  good r e s u l t s W e re  ) } ) t a i ’u ’ d . \ l i i  gh

deg ree of adapt abi l i ty  was n ev idence  hr o ug li t he k n o t  d e n s i t y

pa t t erns  wit h a c c ep t a b l e  er r o r s  b e i n g  o b t a i n e d  at  r ’ asonable d a t a

reduct ion r a t ios .
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NUMBER OF PLACEMENT MODE M E A N  SQUARE
KNOTS ERROR

10 un i form 2 . 158x 10 3

10 4th d i f f e r ences  1 . 29 x 1 0
6

20 uniform 3 .24 x

• Table 6.1. Mean Square Error for Knot Placement on Gaussian
Pulse ~~ = 0. 1 .

NUMBER OF PLACEMENT MODE MEAN SQUARE
KNOTS ERROR

40 uni form 6. 413  x 1 0
3

40 4th d i f f e r ences  6. 308 x

Table 6 .2 . Mean Square E r r o r  for  Knot Placeme nt on APC Image .

PLACEMENT NUMBER OF DATA R E D U C T I O N  MEAN
MODE PARAMETERS RATIO SQUARE

ERR OR

un i fo rm 1936 8.46 :1 6 . 4 1 l~~10~~

4th  d i f f e r e n c e s  
~~. 12 : 1  6 . 30~~~~~l 0

2

on p ro j ec t i ons

sub p a r t i t i o n i n g  188 5 8. i H I  5. 57~~’ 1n~~

Table ~~~. ~~. Dat a R e d u c t i o n  and } r r or s  fo r  a 12 t ~ ~ 1.~8 f l i c u b i
Splinc  R c c  mist r e  i on of t h~ Al  ‘C I i i  ia gt
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Bi-Cubic Spline Fit with 10 Knots
in X and Y Direction Determined from 4th
Partial ’t of X and Y Projections.

I

Bi-Cubic Spline Fit with 10 Uniform
Knots in X and Y Directions.

,Figure 6 . 1 Resul ts  For A Bi-Cubic Spline
Fit To A Gauss ian  Pulse With =.

• l l t ~
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Bi-Cubic Spline Fit with 20 Uniform
Knots in X and Y Directions

I
Original

Figure 6 . 1 (continued).  Resul t s  For A Bi-Cub ic  
2Spline Fit To A Gauss ian  Pulse With = I
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X Projection of f(x,y) and Y-Knot
Placement from 4th Partial Algori thm
for 10 Knots (X -Kn ot  Placement
Identical)

Figure 6. 1 (continued). Results For A Bi-Cubic
SRline Fit To A Gaussian Pulse With

1
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40 Knot s Unifo rmly Placed in X
and Y Directon

40 Knots in X and Y Directions
placed by 4th Differences on X and Y
Projection s

Figure 6. 2 Bi - Cubic Spline Approximation For APC
With 40 Knot s
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Knot Placement from 4th Differences
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40 Knots Placed Uniformly

Figure 6. 2 (continued) Column Knot
Placements For The APC Image
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Figur e 6. 2 (continued) Row Knot
Placements For The APC Image
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Figure 6. 3 Original 128 x 128 Pixel
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Chapter 7

SUMMARY , CONCLUSIONS AND FUTURE WORK

7. 1 Summary and Conclusions

The disser tat ion has presented a degrees of f reedom analys is  of

ima ges and ima ging systems in digital image process ing.  The ana ly-

sis has been applied to  image r e s to r a t i on  when the image is viewed as

the output of a linear imaging system , t he pr ob lem bein g to  r e s t o r e

the original image up to the degrees of freedom of the system , once

this  has been quant i f ied;  and to  sampled images d i rec t l y where  the

desire is to relate the samp led image to  the or iginal  urtsampled and

unbiurred vers ion.  In realit y bot h situations are approxxmation

problems si n ce t he restoration of an image through the continuous -

discrete model involves the determination of an est imate for the

or ig inal image in terms of a linear combination of the point spread

f u n c t i o n  ( I ~SF1 ke rne l s  of the model , while in the l a t t er  case

the researcher is f r ee  t o  fi nd an approximation  over a wide

cuss of approxima ting functions. In modeling t he  r e s t o r a t i o n

problem I he cori t i r .uous  -di s cre e model was adopted  S ince  it mos t

• close ly r ep r e  S n  n ’s  I he ( f l i n g i n g -  - d a t a  g a t h e r i n g —  - r e c o n s t r u c t i o n

sequen t  t - , e h m i n a t i r i g nov q u a d r a t u r e  ap p r o x i n i n i  ion t o  the  super-

pos i t ion  i nt t -  gra l  irn p l i  c i t  in  I he l i n e a r  sy s t  (‘rn n ss n I n p I  on . F u r ’ h er  —

1 ~-c
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more , the eigenvalues of the gram mat r ix  of the PSF kernels  were

shown to determine to what extent restoration of the image is

possible .

The assumption that imaging s y s te m s  are l inear and represent-

able by a two d imens iona l  Fredholm in t eg ra l  equation of the f i r s t

kind presents difficulties in the restoration process since restoration

is no more than an at t empt  to  numerical ly  inver t  the  a s soc ia t ed

integral  equation . In t h i s  d i s s e r t a t i o n  we have bounded the  e r r o r

between the eigenvalues of the syst em gram ma t r i x  and the s ingula r

values of t~~e ori gina l  c o n t i n u o u s - c o n t i n u o u s  model k e r n e l .  I t  was

shown for  a wide c lass  of q u a d r a t u r e  r u l e s  w i t h  t h e i r  c o r r e sp o n d i n g

sampling scheme s tha t  the  e igc -nva lues  of t h e  g r a r n i a n  c o n v e r g e  t o

‘he  square  of t he  s ingu la r value s of t h e  c o n t i n u o u s - c o n t i n u o u s

kernel. Since th i s s ingu la r  value sequence  pos se s se s  ze ro  as i t s  on ly

l imi t  point , it iS obvious as t~~ wh y  t h e  image  r e s t o r a t i o n  pr o c e s s

becomes  i l l - c o n d i t i o n e d  for  la rge  d a t a  e n s e m b l e s .

More  impor t an t  is the fac t  tha t  if  t h e  e i g e nv a l ue  b e h a v i o r  of

the original kernel is known , it is then possible to predict t h e  n u m b e r

of effectively independent samples that can be obtained f r o m  an

imaging System.

T he continuous d i sc re te  model was developed for ima g ing

sys tems  with  separable kerne l s  and the a s so c i a t e d  g ram m a t r i x  was

I 36
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shown t o  be the  d i r e c t  product  of two  smaller g ramiari s w i t h  a

resultant computational reduction. Actual numerical bounds were

obtained for  the d i f f e r e n c e  between the g r amian  eigerivalue s and the

continuous-continuous model singular-value s for several quadrature

rules .

T hese concept s were  applied to  the tomographic  imaging  sys t em

wit h excelle nt resul t s . The cont inuous - d i s c r e t e  model was shown t o  4
po ssess  a s tr u c t u r e  tha t  made d i ago ria l i z a t i on  of t h e  t o m og r a p hic

g r a m i a n  poss ib le , and  a l inear  a l geb ra i c  so lu t i on  f ea s i b l e . The

t om o g r ap hic i m a g i n g  sy s t e m  was shown to  be a c i r c u l a r ly s y m m e t r i c

i m a g i n g  s y s tem  t hat is bandlirni ted and observed over a fin it e  radius

in  t h e  outp l lt  plane  and whose  d e g r e e s  of f r e e d o m  and e ig e n va lu e

I ) eh a v i o r  a r e  k n o w n .  ih e  g r a m i a n  ei g er v a l u c -  b e ha v i o r  was  (-x a ( - t l v

as ex p e c t e d - - e x h i b i t i ng  a r a t he r  c o n st a n t  b eh a v i o r  out t o  a p r e d ic t e d

point followed wi t h a large drop. The r e c o n s t r u c t i o n  a l g n r : t l i n i

deve loped  f r o m  t h e  Continuous -di screte model pro v id ed cx c i  l i e ; ’

r e c o n s t r u c t  ionS from real projin l i o n  d a t a .

In d e a l i n g  wj ~ Ii t h e  image  it se l f  t h e  de g r e e s  of f r e e d om  was

a p p r o a c hed  as an  a p p r o x i ni at  ion  p r o b l e m  wiie  re  I he d e c r e e s  of

f r e t - i l o n i  a t  a l e v i  i ep s i l o n  w a s  t a k e n  t o  H -  l i j e  m i n i m um nur n b . - r  of

f u l l - l i o n s  ne - l i d  :o a p p r o x i m a te  t h i -  I n i a g i -  w i t h  a t i  e r r o r

Si nt - t -  t i l l s  mjniliiuni -i s  d i f f i c u l t  t o  f i n d , t h e  fu n i  i on s  i i s i - d  w i - r n  ub i~

I ~7

- .



_ _ _ _- _ _  _ _ _ _ _ _ _  _ _ _ _ _ _

spline s wi th  var iab le  knot s . By d i v i d i n g the image i n t o  sub reg ions  a

s i g n i f i c a n t  data  reduct ion was achieved with reasonable errors . It

was found tha t  the  number of knots  and thus the degrees of freedom

was hig her in reg ions  of hig her image d e r i v a t i v e  e n e r g y  t han in

those  r e g i o n s  w h e r e  t h e  ima ge was r e l a t ive ly  cons t an t . It was also

found in one case that while the mean squared errors in this scheme

we re of t h e  same order  as obtained w i t h  a u n i f o r m  knot spl ine

approximat ion  w i t h  a comparable number of p a r a m et e r s  t h i s  me thod

produced r e c o n s t r u c t i o n s  w i t h  far  more visible d e t a i l .

Finally it should be said that in e f fec t  th i s  r e p r e s e n t s an

a t t em pt to br id ge the  gap bet ween the cont inuous domain  upon w h i c h

images a re defined and the d i s c r e t e  g r ids  upon which  th e y a re

sampled and define d for anal ys i s  b y di g i t a l  t e c h n i q u e~~.

7. 2 Future W o r k

Ihere are seve ra l  t o p i c s  c o n c e r n i n g  t h e  spu n’- approximations

presented in t h i s  d i s s e r t a t i o n  t h a t  d e ser v e  fu r t he r s t u d y .  I his is not

t o  say tha t  t h e r e  a re  no o t h e r  interest ing quest ions c o n c e r n i ng  t h e

g r am m a t r i x , for  I t s app lication t o  F redholn i  i u t  e g r a l  eq u a l  i ( i l l S ( I f

t lie i-o - (-ond k i n d  is c e r t a i n l y  one exan ple . Ye ye rt l i t - l i - s  s t hi  t op c S

d i s cus sed  here w i l l  m a i n l y  be on c er n t ’ d  w i t h  s p U n i -  a p pr n x i r i i a t  i o l l a

as  an image coding device .

In t h i s  li g ht we have  H I - e n  t h a t  a sariipied i l l i a g i-  c i  0 he •i p p r o x —

i n i , i t c d  ~v i t h  a t o l . - r ; i h l e  e r r o r  ‘v a h i c u b i c  ~p Ii ne w i t h  l i - w i  r
1 ~~~
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coe f f i c i e n t s  t h a n pixels in t h e  o r i g i n a l  image , and as su }i i t  repre-

sen t s  a d a t a  r e d u c t i o n  scheme. H ow e v e r  t h i s  is a r e d u c t i o n  in t h e

number  of c o mp u t e r  words  and not bi t s n e c e s s a ry  t o  r ep r e s e n t  t h e

image , a nd in o r d e r  for  t h e s e  resu l t s ‘o be a pp l i c a b l e  to  d i g i t a l

communica t i on s y s t e m s  t h e y  roust he in  t e r m s  of b i t  r educ t i ons . 1 h i s

would ind ica te  that  an e f f i c i e n t  q u a n t i z a t i o n  m e t h o d  fo r  t h e  sp l ine

coe f f i c i e n t s must  be developed . The c o n j e c t u r e  tha t  the  dynamic

range of t h e s e  coe f f i c i e n t s mi g ht not be si g n i f i c a n t l y  g r e a t e r  t h a n  t h a t

of t he  o r ig ina l  image ma ke s t h i s  a par t  i cu la r l y i n t e r e s t i n g  t opi c fo r

fur t her  St tid y. F u r t h e r m o r e  t h e  n o r m a l i z e d  B - sp l i ne  b a s i s  fun . t i O n S

exhibi t  a local bas is  p r o p e r t y  w h i c h  m i g h t  t r a n s f e r some of t h e

image s p a t i a l  c o r r e l a t i o n  p r op e r t i e s  to  t h e  sp line  i t -  f f i c i  ent  s t h in s

making  a f u r t h e r  d e - c o r r e l a t  ion pos s ib l e  w i t h  some post -p r o c e s s i n g .

In t h i s  w o r k  the  image  was s u b se c t i o n e d  int o square regions

onl y. In each of t h e s e  reg ions  t h e  kn ot d e n s i t y w a s  q u i t e  a d ap t i v e  t o

t he image de r i v a t i v e  c h a r a c t e r i s t i c s  and i t  would be q u i t e  i n t e r e s t i n g

to  d e t e r m i n e  if t h i s  a d a p t i v i t y  could be employed  in  d e t e r m i n i n g  t h e

sub reg ion  boundar ies . If t h i s  is  pos s ib le  t h e n  v a r i ab l e  knot s sp l i n es

cou ld become a useful  image s e g m e n t a t i o n  t o o l .

13°
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APPENDIX A

SOME PROPERTIE S OF N O R M A L I Z E D  B-SPLINES

In this appendix the properties of the normal ized  B-splir i es  of

order k are discussed . The discuss ion will be l imited to the one

dimensional case as the extension to a d i rec t  product  of splines for

t wo dimensional  approximations is immediat e .

For the one dimensional  case a spline Sk , N
( x)  of order  Ic wi t  hi

N knot s approximating f (x )  is give n by
N~

Sk N
(x) 

~ 
5
~

N
~, k .~

:x)  = 1x ) xc 1O, 1]

where N . (. ,  x~ are the normalized B- splines of order  k s a t i s fy i n g

the following recurs ion  re la t ionsh ip  t A _ l , over t he knot  v e c t o r  ,
where

— I~ ~
‘ 1~•

— 
— 

1’  2 ’ ’~~~
’ N 

‘ ‘s ’ N —i-- kx x

X-~~ i+k ’
~ N.

_
~~~, u,k - 1  — -

- - -
. 4 1 . k - l  

-

i+k-1 i i+k 1+ 1
N 

~~~~~~ 
A - l b

0 ot h e r w i s e  x - ?
,
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a ~T 1S

where r n is as follows

: : : :
3 - 6 3 0

— 1 3 — 3 1

With these propert ies  we can now demons t ra te  an i n t e r e s t i n g

propert y of k
th  order  least squares sp lines . A kth  orde r least

squares spline w i t h  N knot s  for f(x . )  i 1, 2 , . .. , N(N�N ) is give n

by the solution to  the following normal equat ions :

~ N x l  = 1rN ~ :N~~~~XN rN~~~N LN X 1 (A- 2 )

where !N X 1  = rf (x 1 1 f(x N
)11

rN
l ( )  r N ( ; x .)~— - i , k —  1 N xN

- x

If we t a k e  N = k and the  kno t  v e c t o r  to  cons is t  of two k
t h  order

knot s at 0 and 1 t h e n  th is  i s  equivalent  t o  d e t e r m i n i n g  a k - i  deg ree

least squares po lynomial  for  f x . )  i = 1 N. A l t e r n a t e l y  I f  we

t ake the knot vcctor ’t o contai n the two k
th 

order knot s at 0 and 1

and a suf f ic ien t  n u m b e r  of i n t e r n a l  knot s so t h a t  N N t h e n t h e

m a t r i x  r N~~~
)
N 

will be square  and n o n s i ngu l a r  so t h a t  eq. ( A - Z t

be comes
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1 ~~~~~~ 
~i+ 1~N~ 1 ( - ~;x) =

0 otherwise
and

N
~~ 

N~~~( ;x) = 1

Note that eq. (A-i) indicates that N + k  knot s are required to gene rat e

N normalized B-spline s of order k, and that N. (r ;x) is nonzerox

only ove r the in terval  
~ ~1+k ~

• Also a knot may have mul t ip l i c i ty  p .

up to k in which the multiplicit y indica tes  a t h s c o nt i nu i t y in t h e

(k - (p + 1) )  derivat ive at t hat knot , If we follow Rice  IA_ 2 1  and adopt

the convention that the Spline is differentiable of order 0 or -1 at the

knot if the splii-ie is continuous or has a simple jump at ‘ci
r es pective ly , a fou r th  order  order knot at for a cubic or

order spline ind ica tes  a simple jump in the spline at . Fi gures  A. 1

and A .2 illustrate the normalized B-splines of o rder  4 fo r  t h e  kn o t

vector s

= [0 , o . 0 , 0 , . z5 ,~~5~~~7~ ~~~~~~~~~~

and

= ~o , o,o,o, .7, . B , . q 1 , I • 1 , 1

respectively . ‘
~~ 

corresponds to the un i form kn ot case wh i l e

illustrates the effect of shifting the  i n te r n a l  knot s t o w ar d s  1~
1 able A. 1 l i s t s  t he  k not s ove r w h i c h  N . I S  f l o n - ? ( - r o  fo r  I

i4 ~

-
~~~~~~~~~~~~ -— - -~~~~~--~~~~~~~~~
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l ,2, ... ,7. Note also that there are atotal of 11 knot s to define these

7 nonzero normalized B-splines .

Table A. 1 and f igure  A. 1 serve to illustrat e the relationship

between multiple knot s and the d i f fe ren t i ab i l i t y of the  no rma l i zed

B-sp lirues.  Note that  N 1 4 (~~1 ;x) involve s a fourth order knot at x =0

so that k-(p+1) is equal to -1 and N1 4
(~~1

;x) possesses  a simple

jump at x = 0. The third order knot at x = 0 for N
2 4

(~~1
;x) r e s u l t s in

k - (p + l )  equaling 0 and f rom f igure  A. l it is clear tha t  N
2 4~’1 ;x) i s

merely continuous at x 0. The second and f i r s t  o rde r  knots  at x 0

for N
3 4(:1 ;x) and N4 4(:1;x) respectively result in N

3 4 r ’ 1 ;x) b e i n g

once co nti nu ous ly di ff e ren t i able an d N4 4 (’1 ;x) be ing  t w i c e  c o n t i n u ou s -

ly d i f fe ren t iab le  at x=0. The same sequence of event s is t r u e  fer

N5 4 ( 1 ;x), N6 4 (~ 1
;x) and N7 4(~ 1

;x) at x = 1 .

Anothe r i n t e r e s t i n g  property  of the k
th 

order  n o r m a l i z e d

B-splines arises in  the case when the  knot vector  c o n s i s t s  of solel y

two kth 
order knots at x = 0 and x l~ In t h i s  case the  k

t }  
o r d e r

spline wit h N = k knot s can be shown to be equ iva l en t  t o  a k - i  d ’gr t ’i -

polynomial .  For k = 4 the four nonzero  normal ized  B - sp l i ne s  ar ’

listed in Table A. 2 for the knot vector = (0 , 0 , 0 , 0 , 1 , 1 , 1 , 1 1. In

t his case if S4 4
(x) = 

~~~ 
S~N 1 4

( ;x) is the  f o u r t h  o rde r  sp l ine  w i t h

four  knots  and ~~~ai x 1_ 1 is a cubic polynomial  it is  s imple  t o  show

t hat a =  (a 1, a2, a 3, a4
) 1 and S = ( S 1, S2 ,  S3, S~~) 1 are r e l a t e d  t h r o u g h

the matrix CT1 by

1 4 4  

~~~~~~~~~~~~~~~~~~~~



= :NT
1 1  

~

co rresponding to  i n t e rpo l a t i on . T hus by v a r y in g  t h e  numbe r of

internal knot s from 0 to N-k so that N = N k-i- k = N , we can deter -
x

mine a least squares apline that  goes f rom a least squares  po lynomia l

of degree k-i to an interpolat ing spline of order k .

In summary  th is  appendix has been presented  t o  i l l u s t r a t e  some

of the computat ional  prope r t i e s  of the n o rmal i zed  B - s p lines . This has

been done in the hope that the i n t e r e s t e d  r eade r  might  be b e t t e r  able 
-

-

to  apprecia te  them from a computa t iona l s tand point and t o  more

ef fec t ive ly  apply them to approximat ion  problems . It is also felt

that  these facts coupled with t he recursion formula of eq. (A-i)

should give the reader enoug h in fo rmat ion  to  im pleme nt his  ow n

spline subrout ines  wi th  variable knot s wi thout  an excess ive  amoun t

of d i f f i cu l ty .
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N O R M A L I Z E D  B-SPLIN E FUNCTIONAL FORM

3
N1 4 (~~;x) (1—fl

N2 4
(~~;x) 3 t ( i - t ) 2

N
3 4

(~ ;x) 3t
2
(i-t )

Tab le A. 2 . Normal ized B -Splines for = (0 , 0, 0, 0, 1 , 1 , 1 , 1

1 4 i -
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0 
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p 
I I I I

0 .1 . 2 . 3  .4 . 5 .6  .7  .8  .9  1

59~ -o-- - -, , , r r

0 P I I

0 . 1  . 2  . 3  .4 .5  .6  . 7  .8  •
() I

N
2 4L ~~;x)

F igure  A. 1 Normalized 4th Order B-Spline s  For
Knot Vector j  = (0 , 0, 0 , 0, .  2~~, . • 75 ,
1, 1, 1, 1)
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I

Figure  A. I ( con t i nue d )  No rmalized  4th Orde r
13-S pl ines  For Knot Vector

= (0 , 0, 0, 0 , . 25 , .  5 , . 7 5 , 1, 1, 1 , 1)
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Figure A. 1 (cont inued)  No rmalized 4th Order
B-Splines For Knot Vector

= (0 , 0, 0, 0, .  25 , . 5 , .7 5 , 1, 1, 1, 1)
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